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Vortex Interference Effects on the 
Aerodynamics of Slender Airplanes 
and Missiles 


ALVIN H. SACKS* 
Ames Aeronautical Laboratory, NACA 


SUMMARY 


Numerous examples of wing-tail and wing-body-tail inter 
rence have been calculated within the framework of slender- 
ody theory 
ents are found to be highly nonlinear 


The resulting variations of total forces and mo 
These variations and 
articularly their nonlinearities are discussed from the stand 
int of stability. Significant changes in longitudinal stability 
ith angle of attack are predicted for high tails, and large losses 
directional stability are found at moderate angles of attack 
4” a conventional slender wing-tail arrangement. The calcu 
hted variation of pitching moment with angle of attack is com 
ared with experiment for a banked cruciform missile arrange 
ent. Results of a water-tank experiment are presented, show 
g the influence of the tail on the positions of the vortices shed 


v the wing 


SYMBOLS 


aspect ratio 


oc 
08 |s=o 


= maximum chord of wing 


distance from airplane nose to pivot point [« 
for all results presented] 
height of horizontal tail trailing edge above wing chord 
plane 
incidence of horizontal tail relative to wing chord 
plane, rad 
= force in the z direction (approximately lift 
= rolling moment about the x axis 
= pitching moment about the pivot point x = « 


Presented at the Aerodynamics—II Session, Twenty-Fifth 
mnual Meeting, IAS, New York, January 28-31, 1957 

Now, 
Heoretical Aerodynamics, Advanced Research Division, 
elicopters, Palo Alto, Calif 


Head, 
Hiller 


*r ° a ° 
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= yawing moment about the pivot point x = 
= rate of roll about the x axis, rad./sec 
= angular pitching velocity about the pivot point a 
a, rad. /sec 
= U.(B — ta) — (r + ig) (x ( 
angular yawing velocity about the pivot point a 
rad. /sec 
local semispan of wing or tail 
time, sec 
local span of upper vertical tail panel 
maximum span of vertical tail panel 
free-stream velocity, ft. /sec 
Cartesian coordinates fixed in the tail 
force in the y direction (side force 
angle of attack, rad 
angle of attack at which rolled-up wing vortices inter 
sect line containing trailing edge of horizontal tail 
time rate of change of angle of attack, rad. /se« 
angle of sideslip, rad 
y + is 
lateral position of starboard rolled-up vortex,) 
= fluid mass density 
= contour integral taken once round the cross section of 
the airplane and vortex wake in the positive (coun 
ter-clockwise ) sense 
real part 
imaginary part 


complex conjugate of 


Subscripts 


I 


TE 
TE + 


= due to vortex interference 
tail trailing edge 
wing trailing edg¢ 


= immediately behind wing trailing edge 


wing (forward lifting surface 


All coefficients based on wing area and wing chord 


INTRODUCTION 


cr the past several years, a considerable amount 


of research has been concerned with the distortion 


of the vortex sheets shed from wings and with the down- 


wash fields associated with those vortex sheets. The 


final objective of such studies is, of course, the predic- 
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tion of the aerodynamics of a tail placed in such a down- Yuy + oe = 0 
wash field. Figs. 1 and 2, taken from reference 1 and 
2, respectively, show the vortex sheets behind a plane 
and cruciform wing of aspect ratio 2, and it can be seen 
that for such cases the flat vortex sheet approximation 
is not a useful one, particularly at large distances 


This was first shown by R. T. Jones’ in 1946 for steg 
flow, and it is known to be true also for unsteady figy 
of sufficiently small frequencies. Second, the preggyp) 
relation employed takes proper account of the qua 
5 : his ratic terms required in the slender-body problem. 4, 
behind the wing. On the other hand, it is now gener- a . : 5 yi ite Ani 

: : é finally, the form of the contour integrals obtained pe: 
ally recognized that for many practical slender con- : 





figurations the wake can be satisfactorily approxi- _— oe ng oumgue ones 
mated by assuming that the vortex sheet shed from iu umabrPapnavtaher dda 
each wing panel is fully rolled up into a single line 
vortex at the tail. Certain special cases of wing-tail 


plane is mapped onto a circle in the o plane (Fig, : 
with center at the origin, by means of the transform 








interference have been calculated with this assumption*® _ 
and limiting cases of wing-body-tail interference have * sg ie fle) 64 ST ae 
likewise been treated (without regard to the influence ° ; n=0 F 
of the body on the vortex paths.) This is certainly a then the distance between the kth shed vortex and is 
great simplification, although even the paths of the image is represented by o; — (%?/é,). Therefore, th, 
rolled-up vortices with no body may be quite compli- impulse of all of the shed vortices and their images; 
cated, as in the case of the cruciform wing (see Fig. 2). proportional to the quantity 
The situation is, of course, further complicated by the . 
presence of a body and some such cases of wing-body- T= D& Py [ox — (12/8) ] 
tail interference have been treated by calculating the k=1 
vortex paths numerically.’ where m is the number of shed vortices. The quantity! 

Once the vortex strengths and positions are deter- is found to enter into the expressions for the inter 
mined, there remains the problem of calculating the ference forces and moments, which, according to refer 
forces on the body and tail due to the vortex wake. The ence 9, are given by 
forces acting on a tail surface placed in a known arbi- ; ; ; i 
trary downwash field have recently been calculated ¥, — th; = —tl oi — Ire+) — ; 
successfully by the method of reverse flow® * for many ip [ (ol dt) dx + pp | iz 

JTE JTE 


cases. However, this method was developed within 
the framework of linear theory and is based on a linear 
dependence of the pressure on the perturbation veloci- 





ties. For slender wings and tails, such a relationship 2] 
is often inadequate and the pressure depends also upon tp { (x — c) (01 /dt) dx — 
the squares of the perturbation velocities. Therefore, _— ” 
some other technique seems in order for handling these pp | (x — «) I dx low 
cases. Such a technique is described briefly in the pres- vrs 
ent paper, which is concerned with the calculation of Pa . mis rf re: 
aie ‘ bp = (1/2) aU & F’d(¢¢) — 
the vortex strengths and positions at the tail and par- al 
ticularly of the corresponding forces and moments due isaac 
to vortex interference. The emphasis will be placed (1/2) pU,@ r (Fides) + 
on the results obtained and on their implications with a 
regard to stability. (1/2) p@ [ dx (0/Ot) X 
JVTE 
OUTLINE OF ANALYSIS $ F’d(¢é) — p@ | RI dx 
VTE 


The method developed in references 8 and 9 is an 
extension of the classical formulas of Blasius'® presented 
in 1910 for the calculation of the force and moment 
exerted on an arbitrary two-dimensional body immersed 


Here the bar indicates the complex conjugate, p is th 
rate of roll about the x axis, and F” is the part of th 
complex potential due to the shed vortices and thet 


. . : Tp images. These expressions are applicable to the type | 
in a steady incompressible stream. There are several 8 I e applicable ype" . 


aircraft illustrated in Fig. 3, which also shows the loc 
tions indicated by the symbols 7‘F and /. 

Some of the features of the configuration shown nf 
Fig. 3 should be pointed out since they highlight the a| 
sumptions made in obtaining Eqs. (4). Specificall 


aspects of the Blasius problem which make it particu- 
larly attractive for extension to the slender airplane 
maneuvering in a compressible fluid. First of all, the 
differential equation is in both cases Laplace’s equation 
in two dimensions.* That is, ; nea 
it can be seen that the wing trailing edges are assume 

The complete determination of the potential ¢ for problems to lie in a single plane (x = xp) normal to the x axi 
involving thickness actually involves an undetermined function a : os (haa 
3 ie : Similarly, the tail trailing edges and the base (1! ally] 

of x to be found from the wave equation, as first pointed out by e Sage p 
of the body are taken to lie in a common plane (* = ‘| 


Ward.'! However, this function is not required for the calcula- 
tion of the integrated forces and moments to be considered here. normal to the x axis. The formulas of Eqs. (4) cov“ 
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quantity | 
the inter 
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; : . = 
‘ behind a plane triangular wing of aspect ratio 2 ‘ - 

—s «= 0.93 Fic. 2. Wake behind a cruciform triangular wing of aspect 
= ().93 |! 


Ix ratio 2; Cy 0.66 
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easily be extended to configurations involving addi- 
tional surfaces with trailing edges lying at other xv 
locations, but not to wings with sweptback trailing 
edges. The airplane is, of course, assumed to be 
slender and the frequencies of its motions to be small so 
that the 
equation in planes normal to the v axis. 

It can be seen from Eqs. (3) and (4) that the deter- 


perturbation potential satisfies Laplace's 


mination of the interference forces and moments re- 
quires a knowledge of the strengths and positions of all 
of the shed vortices. This is a major difficulty in any 
such calculation, and it severely restricts the classes of 
problems which can be handled analytically. First 
let us consider the simplest type of combination which 
encounters problems of vortex interference namely, a 
wing-tail combination with no body. Fig. + shows 
such a combination with the appropriate vortex sheet 
shed from the wing. The tail is assumed rigidly at- 
tached to the wing and, as shown in the Figure, the 
vortex sheet is assumed to leave the wing as a flat sheet 
and become fully rolled up ahead of the tail. It is 
further assumed that the tail has no influence on the 
paths of the vortices shed by the wing.* The downward 
drift of the rolled-up vortices is predicted very well by 
the velocity induced on a two-dimensional vortex pair 
and is, according to slender-body theory, equal to 
(2 m*)a so that the vortex cores are inclined below the 

* This assumption has been investigated experimentally and 
will be discussed in a later section of this article 
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SCIENCES rv 


NE, i9 


o4 


flight direction at about one fifth of the angle of 


(see Fig. 1 and reference 1). 
in the calculations. 


att 
This drift is accounted j 


As for the actual calculations of the aerodyna; 


characteristics of the wing-tail arrangement shown 
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range! 


Fig. 4, it was shown in reference 15 that for steg 
straight flight (b = 0 Of Q) the interference lift ayfand tat 
pitching moment of Eqs. (4) are given by Bealled 
er : ght d 
Ly tol “QAwSo [i V 1 ~ = i —(nr4 j oe 
t DeCOl 
M, tol’ = ano x i lane, t 
ttack 
(b= eG VG? — si? —(9/4)o X curves 
sei } raise 
(d¢@—-aq-—c)- | RV GP -— st dy | sitive 
JW 
Pexpectes 
where the position ¢, of the starboard rolled-up vorteftail tra 
relative to the tail is (see Fig. 5) g. 
a . mM ter 
= Ww t+ 12; (7 4)s0 4t ' 
. “ P , rtices 
1} Q{1 (2 mw) | xy mae hy — (a — Xi jiei is th: 
and ¢;, is found by setting x, = d. The lateral posit of E 
tion y; = (2/4)so is dictated by slender-body theorgtte wins 
which predicts an elliptic spanwise distribution of cirfV4lue 1s 
culation. Thus, by adding to Eq. (5) the well-knowWe Can 
expressions for the lift of the isolated slender wing anjPe¢® ™ 
tail (see, e.g., reference 12), we can easily calculate thd!! will b 
total lift and pitching moment as a function of the angif!cular a 
ingle of 
ieause th 
8 — Pwhich n 
/ | | it iil-alon 
6 ! shows tl 
C J height 
— é | 1 
$ Aw, Jf | the wing 
] a. 
14 P speaks 11 
/ P it severe in 
2 a eee 
r ae | ichanges 
2 placed \ 
- 32 -.24 -16 -.08 Jo os 16 24 32 the oper: 
a . + 
- Angle of attack, a la shift o 
WT 7-2 T Ispeeds a 
ai f ito wave 
Fg “a Fro:n 
rameter 
3 tually th 
| jand the | 
| — nd ° 
| { fand tail. 
ie _ | 
| creased € 
qe \) EE fe 
7S 7 \ lengt 1d 
~~ | v ] 
AC \ \\ | 
-32..-24 -16 -O08 Qo ~=--f----- ~ t—~*® [However 
Angle of attack, a | a: =e 
‘ s. | Pvolved ay 
=§ * — i 
\ | Pength tl 
\ aj | tail Fo 
| 
-2 
) | . Note t 
\ it, } 
\ po be non); 
-3 —— Fters. Th 
Fic. 7 therefore 


VORTEX INTERS 


le of attacifol attack ol the combination for various geometric ar- 


counted fa yements 


DISCUSSION OF RESULTS 
erodynar 


t shown 4 Fig. 6 shows the calculated hit and pitching-moment 
for steasfcurves for several horizontal-tail heights with the wing 
ce lift afand tail of equal span (5s) So 1.0). Now, if it is re 


Fwled that the rolled-up vortices are inclined to the 
ight direction at about one-fifth of the angle of attack, 
hecomes Clear that if the wing and tail lie in the same 


i 
a7 = 


B aised above 

| Epositive angle of attack at which the wing vortices are 
i xpected to strike the 

upper sketch on 


the vortices cannot strike the tail at any angle of 
hus for zero tail height the lift and moment 
But if the tail 


then there is some 


ire smooth, although nonlinear. 


the plane of the wing, 


under the present assumptions ) 


|-up Vortesptail trailing edge, 
\t that angle of attack, since the tail span 1s 
then the 
Since 2; is then zero it can be 


as shown in the 
Fig. 6 
| reater than the vortex span —1.e., 5; > yy 
t, rtices strike the tail. 
seen that RV ¢ 51° 0 so that the interference 
iteral posfliit of Eq. (5) becomes equal and opposite to the lift of 
hi Now it may be seen from Eq. (5) that this 
ative value for L, and therefore 


dy theor raile Wing 


ion of crgvalue is a Maximum neg 
vell-knowaWe can expect a dip in the lift curve and the associated 
- wing an@peak in the pitching moment curve as shown in Fig. 


culate thq!t will be noted that the pitching moment at this par 
f the ang hicular angle of attack (hereinafter called the ‘“‘critical”’ 

| angle of attack) 1s exactly zero in Fig. 6, but this is be 

a ise the tail span was taken equal to the wing span, 
= hi ‘hich makes the sum of the interference lift and the 
Htail-alone lift just cancel. The long-dashed curve 
|__| {hows the same phenomenon for a smaller positive tail 
| fheight. Now, if the tail is placed below the plane of 
|| ithe wing, the critical angle of attack is negative and the 


| | [peaks in the curves are reversed, as shown. We find a 


p severe instability just below the critical angle and abrupt 


| | fehanges of slope at the critical. Of course if the tail is 
Iplaced very high this phenomenon will occur outside 





| 


4 =. 2._—« the operating range of angle of attack. However, such 
| t aa 2 P P ? rm 
ja shift of the horizontal tail will reduce the supersonic 
speeds at which other longitudinal problems arise due 
| 


_— 


Ito wave interference from the wing. 

Fron the sketches on Fig. 6, it is clear that the pa- 
rameter determining the critical angle of attack is ac 
tually the angle included between the plane of the wing 
land the plane containing the trailing edges of the wing 
and tail 
creased either by raising the tail or by reducing the tail 
length d. 


Therefore, the critical angle of attack is in- 


In fact, it can be seen from Eq. (6) that 


a (hr So) \(d so) {1 — (2 a) |i (7) 


However, the magnitudes of the pitching moments in- 





| volved are affected more strongly by changing the tail 
| length than by changing the height of the horizontal 


| flail. For all of the calculated results presented herein, 


* Note that Eqs. (5) and (6) show the lift and pitching moment 
(0 be nonlinear with respect to the individual geometric param- 
eters. The calculated effects of the 


th 


lerefore not additive 


various parameters are 
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was taken as 6 and the 
The tail height 


corresponding to the curves presented in 


the tail length ratio d sy 
ratio of wing and tail was taken as 2. 


aspect 


ratios hrs, 
Fig. 6 are thus easily obtained from Eq. (7 

Another important factor affecting the longitudinal 
stability of the wing-tail combination is the ratio of tail 
span to wing span, s; so. Fig. 7 shows, for example, 
the calculated lift and pitching-moment curves for 
several span ratios with a fixed tail height. It can be 
seen that if the tail span is less than the vortex span 
lin this case (mr 4)s)| then the abrupt changes in slope 
at the critical angle do not appear since the vortices 
do not strike the tail. On the other hand, if the tail 
span is very large, then the slopes change abruptly but 
the magnitude of the change is so small compared with 
the lift of the tail as to be insignificant. A maximum 
interference effect is observed when the tail span is 
equal to the vortex span since the tail is then in a maxi- 
mum downwash field. 

Fig. 8 shows the effect of tail incidence for an all- 
movable rear control surface at a fixed positive tail 
height. It will be observed that the curves are shifted 
linearly up and down with tail incidence, but due to 
we find a non- 
the change 


the nonlinearity with angle of attack, 
linear control effectiveness. For example, 
in trim angle of attack from a tail incidence of 0 (solid 
curve) to 6° (dotted curve) is about one third the 


change from 0 to —6° (dashed curve). Furthermore, 
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BR, is evident that at an incidence of about —3° (not 





hown) there will be three possible trim angles of at- 
Back. It should be mentioned that for a tail height of 
ao such extreme effects do not occur, but the control 
Effectiveness is still nonlinear. 

Sp far only longitudinal stability has been considered, 
hut very similar behavior is observed in connection with 
Biirectional stability. Here, even with the horizontal 
tail ving in the plane of the wing, we find similar non- 
bnearities due to vortex interference with the vertical 
Mail. Fig. 9 shows a more or less conventional wing- 
tail arrangement and the calculated variation of total 
side force with angle of sideslip at several angles of 
Battack. The interference side force 15 calculated 
directly from Eqs. (3) and (4) by using the relationship 


< 
< 
| 
lo 
¢ 
| 
+ 
¢ 
+ 
+ 


developed in reference 15 for this configuration and by 
-Bnoting that the lateral positions of the rolled-up vortices 
relative to the vertical tail are 


w 4)50 — Bx Vo —(mr 4)s09 — Bx, (9) 





mg 8 is the angle of sideslip. The additional side 
force carried by the isolated tail (with no vortices) is 
given by (see reference 8) 


y; (7 2)pU "6 [87 — (to? 2) — 55V 5.27 + to?] (10) 


In Fig. 9, the span ratio s; sy is taken as unity and the 
span of the vertical fin is equal to the span of one panel 
of the horizontal tail. Here we find a critical angle of 
sideclip at which a wing vortex strikes the vertical tail, 
but if the angle of attack is large enough the vortex 
passes above the vertical tail and the nonlinearities are 
smoothed out. A maximum interference effect is 
found when a vortex from the wing just strikes the tip 


a 
jof the vertical tail. The angles of attack and sideslip 
corresponding to this condition are found from Eq. (6) 
by setting (; = if) atx, = d. Thus, 
—_— 
— 
28 
| 


a [(f)/so) + (hy So) | (d sy) {1 — (2 a’) | 7 
{ ) 
and 3 (wr +4) (d so) 


Perhaps a more significant effect to be noted in Fig. 9 
is the variation of the slope (OCy O08) ,=9 with angle of 
attack, since this derivative gives a direct measure of 
the directional stability. That is, since all of the side 
force is carried on the vertical tail, the yawing moment 
is simply equal to minus the side force times the tail 
length. It will be noted in Fig. 9 that the slope Cy 
becomes less negative as the angle of attack is increased. 
The values of the directional stability derivative C,,3, 
as calculated from these slopes for several vertical tail 





sizes, are shown in Fig. 10. Since a positive value of 
C,s indicates stability, it is clear that increasing the 
pangle of attack causes considerable loss in directional 
pstability. Such losses are not indicated for negative 
fangles of attack, which might suggest an inversion of 
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the tail assembly or, more practically, the addition of a 
ventral fin. 

Having worked out some of the simpler vortex inter 
ference problems, we shall now consider a cruciform 
missile arrangement and see how well the theory cam 
predict the variation of pitching moment with angle of 
attack. With the cruciform wing at 45° bank and the 
tail at zero bank (the so-called ‘‘interdigitated”’ ar 
rangement), it was shown in reference 13 that the inter 
ference lift is given by 
L, = 2V2pU.2au5(RV 1,2 — 5:2 + 

RV 32 — 52 — (#/2V 2)s 12 
where ¢,, and ¢3, are the positions of the upper and 
lower starboard vortices at the tail trailing edge. 
These positions correspond to the case shown in Fig. 2 
and have been determined analytically in reference 14. 
The interference pitching moment is taken as minus L, 
times the tail length and the lift of the isolated cruci 
form wing is known to be the same as that of a plane 
wing of equal span, according to slender-body theory 

Fig. 11 shows experimental data obtained in the 
Ames 6- by 6-ft. supersonic wind tunnel for an air-to 
air missile with the wing at 45° bank and the tail at 
zero bank.'® Here we have a phenomenon similar to 
the longitudinal behavior of the plane wing-tail com 
binations with raised tail. At a critical angle of at- 
tack, the vortices shed from the lower panels of the 
cruciform wing strike the trailing edge of the horizontal 
tail. It is difficult to compare the theory with the 
experiment since the theoretical model used here has 
no body. In addition to increasing the pitching mo 
ments, the presence of a body affects the vortex paths 
and raises some question about what wing dimensions 
to use for the calculations. However, by substract 
ing the experimental pitching moment contributed by 
the body nose (as indicated schematically in the Figure), 
and using the ratio of exposed spans with the corre 
sponding theoretical vortex paths in the absence of the 
body, we obtain the comparison shown in Fig. 11. The 
main discrepancy between the theory and the experi 
ment seems to be in the predicted and observed values 
of the critical angle of attack. The reason for this dis 
crepancy is evidently that the body upwash brings the 
vortices up from the lower wing panels at a faster rate 
and thereby reduces the critical angle of attack below 
that predicted by the theory. At angles of attack 
below the experimental critical angle, the agreement is 
quite good, and above that angle, the slopes seem to be 
in approximate agreement. 

It might be mentioned, before leaving the sym- 
metrically banked cruciform, that the pitching moment 
of such a wing-tail combination for given values of 
S1 So, Ar So, and tr is actually a function of a(d_ so) only. 
Fig. 12 shows such curves for several span ratios with 
zero tail height and zero tail incidence. 

Although the results presented so far have been con- 
fined to steady straight flight, Eqs. (3) and (4) are 
directly applicable to quasi-stationary motions—4.e., 
to unsteady motions whose frequencies are small com- 
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pared with the flight velocity divided by the length of 
the body and also small compared with the velocity of 
sound divided by the body diameter. In reference 15 
it was shown, by using the familiar lag-in-downwash 
concept, that for a plane triangular wing-tail combina 
tion (Fig. 4) performing two-degree-of-freedom longi 
tudinal oscillations about the point .« = c, the in- 


terference lift is 


Ly toU ,*Solae + (g/U,,) (€ — a) — 
(ad/U.)|] QV G&G — sv? — wp ,?s07 ae + 


} 


(g/U,)(e — a)) — rpU ase(d — c’) — 
tpal’ sy[1 — (2 1”) | X1 [an T (@ + 


ic = Cs) = tats U 9 1e, V te — s \dxy + 


tol’ asy | RV 2 — s?dx, (13) 


which for steady straight flight (@ = g = O) reduces to 
Eq. (5). 

Now, by adding the known slender-body expressions 
for the litt of the isolated wing and tail and carrying 
out the appropriate partial differentials (see reference 
13), one can easily obtain formulas for the stability 
derivatives Cra, Cr, and Cry. Fig. 15 shows the cal- 
culated variations of these derivatives with angle of 
attack for two ratios of tail span to wing span with a 
given positive tail height. It can be seen that for the 
case in which the tail span is greater than the vortex 
span (s; s» = 1) both C,, and C,, show large decreases 
as the angle of attack is increased up to the critical 
angle of attack and discontinuous increases at the criti- 
cal angle. On the other hand, if the tail span is less 
than the vortex span (s; sy) = 0.5), the variations with 
angle of attack are considerably smaller and show no 
discontinuities since the vortices do not strike the tail. 
The variation of C,, appears to be small in both cases 
but shows a minimum value at the critical angle of 
attack. 

Up to this point, the calculations have been restricted 
to wing-tail combinations in order to circumvent the 
complication of calculating the vortex paths in the 
presence of a body or fuselage. The complications are, 
in fact, so great that in the past the vortex paths for 
such cases have been determined only by numerical 
methods- -see, e.g., reference 5. There is, however, a 
very special class of wing-body-tail problems for which 
the vortex paths can be determined analytically 
namely, a plane wing and tail mounted at incidence on 
a cylindrical body at zero angle of attack. The solu- 
tion of this problem has been given in reference 16 in 
which the interference lift was determined by means of 
Eqs. (3) and (4). The resulting expression for a body 


of radius a is 


L, = 2oU. rKRV [e+ (a- oy)? - [sy + (a? 5) y —_ | io 
(14) 


where 


r abet (1 =) ja ei 2(a ) 
7 svrJ (2 — ies Li + (a? 5,2) |f 


I’ is the circulation of one rolled-up vortex, 6,, is th 
wing incidence, and the lift Lys, of the isolated wi 








sumptions made in the theory. First, the rolled-y 


body combination and that of the isolated body-t, 
combination in the absence of vortex interference ar 
given according to slender-body theory in reference ]7 
Fig. 14 shows curves of total lift obtained by usin; 
the vortex paths calculated in reference 16. The con a 
binations shown have a tail span to wing span rat 
s; Sy Of 1.5, the tail is at zero incidence, and the [ij 
curves have been calculated for two wing spans ar 
several tail lengths. The curves are of course no 
linear in all cases, but particularly so for the smalle 
wing span (da So 0.8). For the larger wing spa; 
(a Sy 0.2), the lift is consistently increased as the taj 
length d is increased. For the smaller wing spa 
however, above about 10° incidence, an increase in taj 
length results in a reduction of lift. 
LIMITATIONS OF THE THEORY 
In view of the rather drastic eects predicted in | 
some of the calculated curves presented herein, it might 
be well to look a little more closely at some of the as 7 
pUgSe 
| 


vortices were assumed to be potential line vortices wit! 
no viscous cores. This assumption will have no effect | 

so long as the cores do not touch the tail. However, | C 
when the distance from the tail to the center of th 


vortex is smaller than the radius of the core, the viscous 
core will change the downwash distribution at the tail] 
location and affect the calculated lift on the tail. Ir 

order to get soine idea of the magnitude of this effect 

a calculation was made by the method of reverse flow | 
to determine the lift on a plane tail which bisects tu 
viscous cores of diameter equal to one-quarter of the 
tail span. The results showed that these relativel) 
large viscous cores reduced the negative interference 
lift on the tail by 12 per cent at the critical angle: 
attack. Now since the viscous cores have no effect 
unless they touch the tail, the only effect is to round of 
the sharp peak at the critical angle. 

Another important assumption of the theory is tha! 
the tail does not influence the paths of the vortices she 
by the wing. This assumption is commonly made 
calculations of the forces on the tail, but it means that | 
the vortices do not follow the actual streamlines. !0| 
stead, they follow the streamlines in the absence of th 
tail. Thus, while the condition of no flow through th 
tail is satisfied, the vortices are nevertheless permitte 
to penetrate the tail. In fact, the most drastic effec 
on stability are predicted when the wing vortices tou 
or pass through the tail surface. 








| 


WATER-TANK EXPERIMENT 





In view of the implications just mentioned, the ab 
assumption regarding the secondary influence of the & 
would seem to warrant investigation. For this pu! 




































































































































ted Wing. | 
body-ta z= 
rence ar 
/s 
rence |j >. d/S, 
by using | |, 24 
. ' = 4 
Phe con se y ‘6 
pan rat ees a > 
d the lift ; Aa 
Pa ~ 8 
oo A 
pans ar A Pa 
urse nor ——— — 
I “a, 
le smaller 7 
Po 
ying spar = << ~~“ 
iS the tai ; 04 08 =, & 20 24 
; Wing incidence, “~ 
ing spar 
g spa 
ise 1n taj of aaa 
| —— y 
~ = a 
li 4 ‘ A 
icted in | ; P 
, 1t might ' ay ss 
of the as 22 J) “se 
pUdgSe on = 
rolled-u | = ee 
: odiad ar 
tices with | (/ / 
ra ir 
phtnng WA J 
However, | 02 é 
r of th j/ Y 
€ ' ne tf 
le VISCOUS | ZA 
i. dels 
t the tail f 0 04 : = = =. 
tail. [1 Wing incidence, 8w 
his effect 
4 Fic. 14 
‘erse flow 


sects tw 
er of the 
relativel\ 
erferenc 
| angle 

no effect 
round of 





"y is that 
Hices she 

made 1! 
eans that | 
nes. It 
ice of th 
‘ough th 
yermitte 
ic effects] 





ces tout 











he abo 
yf the ta Fic. 15 
this pu! 





402 JOURNAL OF THE AERONAUTICAL SCIENCES JUNE, 195 


pose, an experiment was performed in a water tank in depending on both the lateral and vertical positjo 
which the surface trace of the wake of a plane wing was This problem is as yet unsolved and would seem to y 
photographed in the presence of a raised horizontal tail.* rant some investigation. 
Selected frames of the motion pictures taken at three 
angles of attack are shown in Figs. 15, 16, and 17. In CONCLUDING REMARKS 
all of these Figures, the first picture shows the vortex Although the present calculations have been 
sheet just behind the wing trailing edge. The strut stricted di slender configurations for which the we 
connecting the wing and tail can be seen above the sheet leaves the wing ai flat sheet, it should be not 
water surface. The second frame shows the apex of that the origin of in vortices is immaterial to ’ 
the tail just entering the water surface, and the suc- method of calculation. If, for example, the wing js 
ceeding frames show the development of the wake in the delta wing with sharp leading edges, there teal 
presence of the tail. In all cases, the supporting strut separation vortices above the wie: These car 
is observed to alter the center of the vortex sheet but handled by the present method, provided that th 
it is believed that the effect on the positions of the positions onal strengths over the wing ar hinaeh 
rolled-up vortices is negligible. Fig. 15 shows no ob- Similarly, if the wing is a sweptback wing (not neces 
vious effects attributable to the tail at the lowest angle cantly slender), the vortices from the wing peers 
of attack, which is below the critical angle. At the comme to roll up quickly because of tip stalling or wine 
calculated critical angle of attack, Fig. 16 shows that, viscous phenomena. Nevertheless, if the tail is slende: 
although the vortices are quite distorted at the trailing and the vortices are rolled up ahead of the tail r 
edge of the tail, the centers of the vortices do very techniques of the present calculations are still appli 
nearly coincide with the tail trailing edge. Ata still ble for the determination of the interference forces an 
higher angle of attack, Fig. 17 indicates that the tail moments. Asa matter of fact, pitching-moment curve 
severs the vortex sheet and produces considerable dis- having the same general nonlinear character as those 
seatetaaal above the sursace ot the tail. oe Figs. 6 and 7 have been measured on swept-wing air 
Now in interpreting these pictures quantitatively, one plane models having high tails —see, e.g., reference 18 
must bear in mind that after sufficient rolling up, the From the results presented here, it on uld seem that 
positions of the theoretical vortices should correspond there are several possibilities for avoiding the most 
oa ca - ss —— " ay a sie drastic effects on stability caused by vortex interference 
lali O le vortex sheet. does not seem feasible to ee wot linal stability. ei mr: : oni tail 
try to define the vertical location of the centroid of vor- 7 9 oe : 4 Gane Hai pemiatire oa 
ee ° . ° ? - 5 * : eS 5 ” 
ticity because of the unrolled portion of the sheet. interfering vortices arise from sources ahead of th 
However, the lateral position can reasonably be taken wing —e.g., from the body or from air inlets—the tai 
as midway between the innermost and outermost winds height required to move ad out of the operating rang 
of the vortex sheet. Fig. 1S shows a plan view of the eh be prohibitive. A canard arrangement (s,s 
path of one vortex as determined in this manner from itn seems to have possibilities for giving onset 
pictures similar to Figs. 15, 16, and 17. The vortex linear characteristics. It should be noted, however 
sheet starts to roll up at the tip and seems to approach that if the span of the tail is restricted by other cor 
ver well the theoretical position of \# 4) so ahead of siderations, a horizontal tail of span slightly less that 
the tail, at least at the lower angles of attack. the vortex span would be expected to give smoother 
At the higher angles, a shift toward a triangular span longitudinal characteristics than one having a spat 
loading causes the inboard shift ahead of the tail. slightly greater than the vortex span. For directional 
But right at the apex of the tail (x1/so = 4) another in- stability, a ventral fin appears to be beneficial in alle 
board shift starts at all three angles of attack, and this viating vortex interference effects. However, all in all 
shift is appreciable.f However, it will be recalled the most efficient practice may be simply to fill in the 
from Eq. (5) and the ensuing discussion that at the gaps between the wing and tail surfaces and thereby 
critical angle of attack ( 12° here), since RV 1° — si’ eliminate wing-tail interference. 


0, the lift on the tail is independent of the lateral posi- 
tions of the vortices so long as they intersect the tail 
Hence we 1 Spreiter, John R., and Sacks, Alvin H., The Rolling up oft 
Trailing Vortex Sheet and its Effects on the Downwash 
Wings, Journal of the Aeronautical Sciences, Vol. 18, No 
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trailing edge, which they did (see Fig. 16). 
have the curious result that the predicted lateral posi- 
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* The model has an identical triangular wing and tail of aspect 
ratio 2 with d/sp = 6 and a,, = 12 

+ The nature of the water-tank experiment precluded any 
influence of the tail ahead of the apex of the tail, but this is in 
keeping with the basic assumption of slender-body theory (Continued on page 412) 
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Experimental Study of the Stagnation 
Temperature in a Free Molecular Flow' 


F. M. DEVIENNE* 


Laboratoire Méditerranéen de Recherches Thermodynamiques, Nice, France 


SUMMARY 


of the experimental work described in this paper 
S ot ot 
lated flat plate in motion at high speed in a free molecular 


The purpose 

he measurement the temperature i small thermally 
The plate was oriented perpendicular to the direction of 
n, and was fixed at the extremity of an arm which revolved 
t high speed in a vacuum chamber 

The experimental results indicate that the temperature in 
rease of the plate is a function of the speed of the plate, the 
ressure in the chamber and the surface condition of the plate 
he results were compared with values calculated from the theory 
for free molecular flow, which gives the temperature increase of 
is a function of the molecular speed ratio, the total 
of the 


tempera 


the pl it¢ 


the thermal accommodation coefficients 


In general, the experimental values for the 


missivity and 
Irlace¢ 
theory, when 


increase were less than those predicted by 


] 


ilues for « taken from tables of constants were used in 


Max 


vellian distribution of molecular velocities, can be brought into 


ind a 
the theoretical formulas. The theory, which assumes a 
ord with the experimental findings only if it is assumed that 


ommodation coefficient is a function of pressure and 


SYMBOLS 


= accommodation coefficient 
= Boltzmann constant 
Number 


to the length of the plate 


Knudsen ratio of mean free molecular path 
mass of a gas molecule 
number of molecules per unit volume 
= pressure in microns of mercury 
] = free-stream static temperature, °K. 
stagnation temperature of the plate, “kK 
pl ite velocity 
molecular speed ratio l 
most probable molecular speed 
energy received by the plate per unit of time per unit 
area 
= energy received by the plate per unit of time per unit 
area at a pressure of 1 micron of mercury if a@ = 1 
total emissivity factor 
Ad is 


number of molecules impinging on the unit area of the 


T (rise in temperature of the plate) 


front surface 
number of molecules impinging on the unit area of the 


rear surface 


s 
° 2 
b's) = error function 2/7 r f e* dx 
0 
= gas density at a pressure of 1 micron of mercury 
= density (mass per unit volume) 
7 = Stefan constant 
J a/e, dimensionless 
xeceived December 4, 1956 
| This work has been carried out under the support and 
sponsorship of the European Office of the Air Research and 


Vevelopment Command, United States Air Force 


; Director 
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INTRODUCTION 


is the 


| ee MOLECULAR FLOW characterized by 
fact that the mean molecular path of the gi 


great when compared to the size of the moving body 


iS 1S 


it surrounds. In other words, the Knudsen Number, 
equal to the ratio of the mean free molecular path to 
the specific size of the body, in a free molecular flow, 
is several times greater than unity. It is generally 
assumed that in most cases the flow regime is a free 
molecular flow if the Knudsen Number is greater than 
10. 


in the case of experiments made with a transverse 


However, Stalder and his coworkers found that 


circular cylinder, free molecular flow exists with a 
Knudsen Number equal to 2. 

The pressure at which we conducted the tests de 
that the Knudsen 
We shall 


later on the influence exerted by the pressure and, in 


scribed in this paper were such 


Number was generally above 5. discuss 


so doing, the influence of the Knudsen Number on 
the phenomena observed. 

Although 
free molecular flow regime, we shall continue to use 
the 


temperature of the small plate oriented perpendicular 


a continuous flow no longer exists in the 


the words stagnation temperature to designate 
to the direction of motion, when it is moving at high 
speed in a rarefied gas. In this case the plate moves 
through an isothermal gas at rest and at the same 
temperature as the walls bounding it. Experiments 
show that, as the plate moves in the motionless gas, 
it accumulates heat until a permanent temperature 
difference is reached between the plate and the sur 


rounding medium. 


THEORY 


We shall not repeat the theory of energy exchange 
between a plane plate and the molecules of a rarefied 
gas in which the movement takes place. We shall 
only give the main results of this theory. 

When a plane plate moves perpendicularly to the 
direction of the speed in a rarefied gas, the number of 
molecules impinging on its front surface is greater per 
unit of time than that of the molecules striking the 
same surface when it is at rest; their number is smaller 
when they strike the rear surface. The kinetic energy 
of the molecules in relation to the plate when the plate 
is in motion is greater for the front surface and smaller 
for the rear surface than when the plate is at rest. 

The kinetic energy can only be calculated if the dis 
for molecular velocities is known. 


tribution function 
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The assumption made here is that the distribution is 


Maxwellian. In this case, the number of molecules 


impinging on the unit area of the front and rear surfaces 
per unit of time is, respectively, 


fen" 4 + &(s)]} (1 


py’ (nv,/2V/ 7) Vr sl 


—~Yrs{l — &(s)]f (2 


” 


‘ j 
v (nv,/2V 1) \e 


The mean kinetic energies of the molecules in rela 
tion to the plate during the relative movement are 


given for the front and rear surfaces by 








ce 
(U2 | F 1+3 2Yrs[l+(s)Je]). 
Mm: sas + 7 r uw ts 
(2 i 1+ Yars[l + &(s) Je" JI 
pee 
Ul? * 9 1 —3 2V rs[l — ®(s) Je*]) 
Whi ) + v l + P ( | 
{2 L 1— Yrsf[l — &(s)Je JI 
These formulas only concern monatomic gases. 


In the case of a diatomic gas, it is necessary to add the 

rotational energy of the molecules~ i.e., about k7. 
Lastly, if the rise in temperature of the plate is 

relatively small, the energy received by the unit area 


of the plate per unit of time is 


lV (apv,° 2)[(s 2)d(s) + (s7e Vr) + sP(s) | (O 
We have assumed that the accommodation co 
eflicient has the same value for the front and rear 


surfaces. However, 


lacking any further data, we are obliged to make this 


This is presumably inaccurate. 


hy pothesis. 
The preceding formula can also be written as follows: 


(0) 


W apW, 
Therefore we have 


W, (piv’s* 2) [(s (2) B(s) + (s2e s° V/ 1) + s*&(s)] (Ga) 
We can calculate the value of 11, when the speed LU’ 
and the temperature of the rarefied gas are known. 

To determine the increase in temperature when the 
small plate is insulated, it will suffice to write down 
that the energy due to the impact of the molecules 
striking the small plate is equal to its emissive power. 
Ii the rise in temperature A@ is small, the following 
equation is obtained: 

W = 2e-4o7;,*-A0 (7) 
If we compare the W of Eqs. (5) and (7), we have 


So1*, Ad piv, (S) 


MN aie 


We shall see that this way of expressing the result 
of the analysis offers a certain number of advantages. 


DESCRIPTION OF THE APPARATUS 


A revolving arm made of duralumin, the extremity 
of which describes a circle 1.25 in diameter, is 
placed in a vacuum tank (1.50 m. inside diameter) 
and is driven by a shaft passing through a rotary seal 
The small measuring plates are 


m. 


of a special type. 


TICAL 
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the ir 
and are fixed to Plexiglas supports. The plates hg 
the dimensions 6 by 6 by 0.1 Thermocoup! 
are welded to the rear surfaces of the plates 


symmetrically arranged at the extremity 
mm. 
The temperature difference of the small measyr; 
plate is measured by comparison with a similar refe 
Irom ti 
ents 


ence plate placed on the arm and shielded 
flow. We have checked that the 
be reproduced and that at the lower pressures 


measuren 


under 10~° mm.—-the rise in temperature of the g 


measuring plates was practically null at the spe 
up to 200m. sec. and it was very sinall for speeds arow 
300 m. 

We shall not give a full description of the exper 


sec. 


mental device, but shall merely state that the ris 
temperature is measured, after calibration, by def 
tion of a galvanometer, which indicates the output 

The copper 


} 


the thermocouple. 


constantan-copper Py 
wires of the thermocouple pass through  capillar 
tubes placed inside the axis of the rotary seal whi 
has previously been drilled and filled with Piceine 
The 
correspond to a completely insulated plate, but to 
small plate placed on a Plexiglas support.  Althoug 
the support has been perforated and every precautio 


temperature difference measured does 


has been taken to minimize thermal conduction, th 
temperature difference observed is less than that ol 
tained with a completely insulated small plate. W 
were consequently led to make a correction whic! 
allowed us to determine the heat exchange with th 
support. 
and hence an experiment was devised for their evalu 


tion. For this purpose, a small lamp with a rectilinear 
filament is placed at a certain distance in front of th 
small plate. The different pressures used and th 


rise in temperature of the small plate with and with 
out its The thermal 
conduction, in the second case, is very low since th 
fairh 


support are then measured. 
thermocouple wires are spiral-wound over a 
large length and their diameter is small. 

Tests conducted with this technique show that with 
perfectly thermally insulated plate the temperatur 
difference would be about 1.47 times that experime! 
tally observed when the small plate is on its suppor! 
This factor, measured with sufficient precision, varies 
slightly with the support of the small plate, but onl 
very slightly with the pressure, at least in the rang 


of pressures used. 


EXPERIMENTAL RESULTS 


The rise in temperature is dependent on (1) the spet 
of the plate moving in the rarefied atmosphere, (- 
the pressure of the atmosphere, and (5) the nature an 


surface conditions of the small plate. 


(1) Influence of the Speed 


e o.6 ° ° ae 
All other experimental conditions being identical, 


the rise in temperature increases with the speed 
F , — ° 
It can be stated that it generally varies more rapidly 


It is impossible to calculate such exchanges, | 


being 


blacke 


ibout 
I ickel 


We 


STAGNATION FT 


the am§ than the square of the speed and less rapidly than the 


pl ites ha ; ube. 
Table 
s ysing a stall nickel-plated copper plate moving in a 


1 measurin: Bireon 12 atmosphere at a pressure of 0.5 micron of 


ermocoup] gives the value ot A@ as a function of | 


mular refer. F mercury 


Fig. 1 shows in logarithmic coordinates the values of 


‘d from r 
ements ( 4 expressed in terms of s for various gases under 
ssures lifferent pressures, using small plates of different 


materials and surface conditions. In this connection, 


1 the smal} 
t js advisable to point out that we have been obliged 


the spec 
eeds aroun’! to change the plates from time to time, on account of 
ccidents or of distortions due to the centrifugal force 
Results obtained with plates of a similar nature are 
The straight lines show the 


the exper 
the rise } 
by defle 


‘ output nd, of course, with the same small plate. 


it absolutely the same. 
meal Variation rate for a given gas at a given pressure, 


he Cc /pper 
capillary | 2 Influence of the Pressure 


seal which} Jy the range of pressures used, the temperature rises 


Cente is the pressure increases, though the increase in tem 
does not} yerature is less than linearly proportional to the pres- 
but toa} sure increase. The variation of A@ in terms of p 
Although } at a speed of 298 m. sec. in dry air are given in Table 2. 


precautio 


ction, the | 3) Influence of the Nature of the Gas 


1 that ob- | ‘ ee 
I [he rise in temperature depends on the nature of the 
late. We i ’ 
| es gas. It is generally greater at a given speed and 
ion whic . at 
1 "| pressure when the molecular mass of the gas is higher. 
with th 


[he rise in temperature of a few gases corresponding 


‘xchanges 


to a pressure of 0.5 micron at a speed very near to 


Table 3. 


ir evalua- f 5,- . 
value 705 m. sec. are shown in 
rectilinear 
mt ol the | (4) Influence of the Nature and Surface Conditions of 
and. thi the Small Plate 


ind with 


rhe rise in temperature is dependent on the surface 


condition of the plate. Examination of Fig. 2 reveals 


since We } in particular that-—all other experimental conditions 


a fairy being identical the rise in temperature of a small 
| blackened plate moving in freon 12 at 0.5 micron is 

v4 ' o ° ° . 

at with | about 3.5 of that observed with a small plate made of 


iperature | nickel-plated copper. 





perimen- } 
support. | ‘ ve . 
PI COMPARISON OF THEORY AND EXPERIMENTS 
n, varies 
but onl We have seen that the rise in temperature can be 
he range | ¢xpressed in a dimensionless form 
TABLE | 
ec. ou.¢ LOL .7 152.2 253.3 253 7 03 8 
eal 0.161 0.58 1.41 2.70 +.48 6.72 
he speed 
ere, - 
ure an TABLE 
0.25 0 50 1.00 
K 1.46 2.48 $10 
lentical, TABLE 3 
eed G \rgon Air CO, Freon 12 
1 K | a 1.26 1.57 2 67 


rapidly 
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IN A FREE MOLECULAR FLOW 105 
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Fic. 1 Vick plated ce per ul \ir l:p La: 2 
G.50u), Argon (3: lu: 4:p O50 Carbon Dioxide (5 
O0.50pn; 6 0.304), Freon 12 7 ) 5Ow Blackened 
copper plate Freon 12(8:¢ O.50u 

art Sol *A@ pil’ ad € 


If theory is correct-—1.e., if the speed distribution is 


really Maxwellian and if, on the other hand, a free 
molecular flow is obtained and finally, if the emission 
factor « and the accommodation coetlicient ad are con 
then 


temperature must remain constant 


stant, the ratio calculated from the increase in 

Inasmuch as results show that the ratio a ¢€ varies 
with the speed and the pressure for a given gas, with a 
given plate, we shall discuss the validity of the different 
hypotheses which we assumed were exact when we 


established the theory. 


1) Influence of Speed Distribution 


Fig. 3 shows that in the case of different gases at the 
same pressure, the ratio a ¢ is a function of a and de 
creases as the parameter increases. The results show 
that this variation is not the same for all gases and 
that it the 
conditions of the plate; this is why the variation in 


varies, moreover, according to surface 
a ¢ is generally less great with a blackened plate than 


with a polished one. Variation of the ratio a ¢ must 
therefore be ascribed, at least in part, to other causes 
than the departure of the molecular speed distribution 


from the Maxwellian distribution 
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10 coefficient varied in a large measure with the naty 
and surface conditions of the small plate. Exp. 
ments further show that the law of variations in accor: 
‘ ance with the speed is not the same for two differ 


’ small plates. 





CONCLUSIONS 


FREON 12 
OS p 






Experimental data show that the increases in 
perature of the small plate are fairly large, even uy 








very low pressures around 0.5 micron of mercury 


The results are not quantitatively far from th rhe | 


Aé 
°K 


given by free molecular flow theory but, in order es 
justify this theory, it must be assumed that the a the defl 
commodation coefficient varies not only according 








the nature of the gas and to the surface conditions 
the solid body, which is to be expected, but also wi 
the speed and with the pressure. An important r 
search work on the accommodation coefficient co rgen 
ducted in our laboratory will shortly allow us to dra 

















from it some laws concerning this variation. 
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flow and the slip flow. 

It is also to be remarked that the measurement of 
the accommodation coefficient by using a new method 
when the plates are at rest shows that it generally 


5 | Subseri 


ma 





decreases as the pressure increases. These two phe- 15 
nomena are probably added to one another and explain 
therefore the variation of the ratio ae. 


(3) Influence of the Variation of the Accommodation 

















Coefficient 

We have already shown that the accommodation 10 a i — 
coefficient generally decreases with the pressure. On y hate Sa mf ; | 
the other hand, we have seen that a probable depar- ; io 
ture in the law of molecular speed distribution in liffer 
relation to the Maxwellian distribution is not sufficient , 
to explain the difference in the calculated ratio a/e. 05 t —+ . i 
Considering that ¢ certainly remains constant, we must 0 05 10 15 th a 
admit that the accommodation coefficient decreases S sce 
as the speed increases. The variation observed there- Fic. 3. Nickel-plated copper plate: Air (1:p = 0.50; 2:? = Pres 
fore depend on those of the accommodation coefficient. Other te Silom Petts OF eo “ psa 3 Mec “ 


Lastly, we would like to recall that the accommodation plate: Air (3:p = lu), Freon 12(9:p = 0.50y). 
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SUMMARY 


The Lagrangian multiplier method 1s applied to Hoff’s energy 


yressions for sandwich plates to derive equations for finding 


ind buckling loads of rectangular plates clamped 


e deflections 

ll four edges 
Numerical calculations have been performed to find the buck 
coetlicients These are plotted for use as de sign curves and 


he reduction of buckling load due to shear in the core 





with the loaded edges simply supported and the un 
loaded edges clamped. Nardo* solved Hoff’s equations 
for a plate with the same boundary conditions as 
above, with the buckling load applied along either the 
clamped or simply supported edges. 

Using a theory similar to Hoff’s, March and Erick 
sen? applied the Rayleigh-Ritz energy method to cal 
buckling loads for a clamped 


culate approximate 


portant r \lthough the method is approximate in theory, the con 
icient cor rgence is rapid. The calculations were carried out on an IBM rectangular plate. Their results, which are reproduced 
us to draw) 704 computer which made it possible to obtain essentially an ex in reference 8, are from 5 to 10 per cent higher than the 

t soluti . . 

results presented in this paper. 
The Lagrangian multiplier method used in the pres 
SYMBOLS : ‘ 
ent paper was developed by Budiansky and Hu’ in 
t Con edge lengths of sandwich panel order to find buckling loads for clamped rectangular 

coefficients in Fourier expansions of . 
Vv ; solid plates. 
and , respectively 

| i parameter 
Heat I - core thickness ENERGY EXPRESSIONS 
NACA E Young’s modulus of face plates : ; ' ; ; 

G shear modulus of core Deformations are described by the functions u, 2, 
wise n, 4 and w of the coordinates x and y (see Fig. 1). Note 
entinques ° ° ° e.° : : 

a integers that w is a displacement in the positive x-direction of 
», LYdo ‘kling coefticie : 7 7 
buckling coefhcient the middle surface of the upper plate and an equal but 
compressive edge load, Ibs. per in . . . 
é, opposite displacement in the lower plate. wv corre 
distributed transverse load on plate é am 
sandwich buckling parameter Dor?) a*G sponds to « with x replaced by y. The plate becomes 
py face thickness curved only during the w displacements. 
sandwich plate displacements The parts of the strain energy considered essential 
= strain energy are as follows: (1) 2U’,, energy due to strains in the 
yotential energy of external loads : ‘ f “iv : 2 
; ’ face plates in their own plane; (2) 2%, strain energy 
= coordinate system = : 4 , = : k = 

3 sities tui of bending of the faces; and (3) U,, strain energy of 

— = 
} A, = Lagrange multipliers shear in the core. 
= Kronecker delta 
: ; ae : ») v4 /{ = Sry AS 2. Ol ; 
= Poisson’s ratio for the face plates 2l [Ai (1 v2 SS. (Ou OX 2v (Ou Ox) X 
Subscripts (Ov Ov + (Ov Ov -}+ (1 -— 1 2 (Ou Oy T 
* rt 
= bending Ov Ox) |? 5 dxdy (1 
= core 
9  £{A2en ? (224 , 
oe fet 2U, = D, Sf | (Ow Ox?) + (O°w dy 
= transverse load 2(1 — v)[(O°w On (O-w Oy 
she il i ‘ 
(O°w Oxdy)*|{dxdy (2 
PREVIOUS STUDIES where D, is the bending rigidity of one face plate 
—— She STRAIN-ENERGY EXPRESSION for sandwich D, = E®/12(1 — » 
lates used in this paper is due to Hoff He 
< < : ° ’ hfe ra { 
—e | : ‘ _— : l Ge 2) ff (f [Qu (ce +t - (Ow Ox) 5° 4 
~ | also applied the principle of virtual displacements (| i 2 
t | . e » one 2 . 120/(c +f — (Ow, Oy); dxdy Oo 

9 obtain the equations of equilibrium as three partial j j 

illerential equations and solved these for the buckling Strain energy due to transverse shearing in the faces 

loads of simply supported rectangular plates. and normal strains in the core is considered negligible. 


In another report, Hoff, Yen, and Salerno? obtained 
the buckling loads for the case of a rectangular plate 


The potential energy of the distributed transverse 


load g is 


mu; 2 ee Presented at the Structures Session, Twenty-Fifth Annual |” -- SS gu dxdy (4 
e ry aa Meeting, IAS, New York, January 28-31, 1957 . 
a -copye I 1 ‘i rr . - . . . 

e he potential of the distributed compressive load 


nical Engineer 
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SOLUTIONS 
p 
iif ff Uf le tl I Z z,w ; : ; g 
For loadings which are symmetrical about the 
° . at 
v a 2 andy b 2, the displacement functions caf. ,, 
be represented by or | 
Alec 
t " . ~ er! 
b ' Ze! : 2 i Ann COS (MmrX A) COS (Ny b 1 
v ri) \ 02.4 tho 
hil 
u > > Pinn Sin (MAX A) COS (nT obt 
2,4 0, 2, 4 \t 
"a a ee en Da a ! 
ure 
- a - — = ° 4 
y 7 .¥ > Cun CIS (Marx a) sin (uy b tt 
y 0,2,4 n=2,4 
t . - . - . 
t i [he expansions for u and v satisfy their boundary} pjtz 1 
i ‘ 4g + jamal: mn _ : . aoe = 
c x conditions, Eqs. (6d), (6e), and (6f), term by ter si 
se = | The expansion for w satisfies the slope conditions E \ I 
u . . . . 
t ew (6b) and (6c) term by term, but not the conditions effic 
s 
deflection Eqs. (6a). 1s 
Fic. 1. Sketch of sandwich plate with thickness exaggerated a ea ; a 
~—— ' ai These latter conditions will be satisfied by the ex-} princi 
pression for was a whole. Along two edges nt 
Pts roble 
w(x, O w(x, 5) } Y  Gmn COS (Max | ve 
f —(P 2 w Ov)? dxdy 5 m=0, 2,4 0, 2,4 
V. (P 2) Sf (Ow Ov)? dvds (5 aie 
ios Fro 
Boundary Conditions 
| liti ‘ I tpl Each coeflicient of cos (#wmrx a) must be zero jf it 
The boundary conditions for the claniped plate are op 
: | | order to satisfy Eq. (10), so that ig th 
c 1 
zi! 0 when x Q, a and when y 0, 5b (6a 5° 
> @a'= 0 (¢ = 0, 2,4 
Ow Ox 0 when v O, a (6b 02.4 _— 
ow Oy () when y 0, (6c) For the other two edges, In 1 
u 0 when + 0, « (Gd) w(0, ¥ w(a, Y) S 
v 0 when y 0, b (Ge 2 Amn Cos (nary b 2 
0, 2,4 » 0, 2,4 
(Ou Ov) + (Ov/OX 0 
when v = O, a and 5 0, 6 (6f) To satisfy Eq. (12), it is necessary that H 
Eq. (6f), which sets the shear strain in the faces equal ~ j 
; ; 2, Qy 0 (7 0, 2, 4 
to zero along their edges, is the natural boundary 02.4 
condition which is obtained by applying the principle = : ae se es 
rls ; ’ a Therefore, all the boundary conditions are satisfied | Were 
of virtual displacements to the potential energy. It hee ie é 
.; , if Eqs. (11) and (13) are satisfied. a 
assumes that v-displacements are possible along the : : i ; oe 
; If the expressions for u, v, and w are substituted in the | ™ &q 
edges parallel to the y-axis and that u-displacements are Ic f ‘al E a ee 
. . integrals tor potential energy, Eqs. (1), (=), (9), 
possible along the edges parallel to the .-axis. a d ; BY, |S. | IIT, 0 
and (5), the following equation is obtained: 
bs ease 
; : : ; ab ‘Bs ke eis Pn? B?r? : i 
U + | 2U, + 2U, + U, + V, + | z. =. iat + ary - —\| | Perl 
t m=0,2,4 n=0,2,4 a’ 2a“ eo! 
ne ) Ge re mr 
Md n= + 2vMNBDynCmn + N7B*Cnn + (28b,,, + MCmn)? 1 + a, 
a’? 1— py 2 2 c+t a 
rb] 
ape 
=—Cmy noBa3r i e ao ‘ 
Am { 51 + bno + bonj — pe > Imrnal % 
ct+t a m=0, 2,4 0, 2,4 
where ' isl 
it should be remembered that bo, and C, 9 do not exist 
i 
Ising > Ravleigh-Ri ; » problem 1s t T 
Gnn = | | g cos (max a) cos (nmy b) dxdy l sing the Rayleigh-Ritz method, the proble 
ail determine the @y,'8, Pmn’S, ANA Cm»’s such that the e 
a , , yression Ul’ + V is a minimum. However, the d, 
and 6,,0, 60, are Kronecker deltas defined bv I i : ‘ oe 7 
: are not all independent since, in order to satisty te 
6mn = 1 m n boundary conditions, they are bound by the sets 0 
Om 0 m~zNn Eqs. (11) and (13). wher 


j BENDING AND BUCE&LING OF 


\finimizing the energy expression Eq. (14) and satis 


all the constraint Eqs. (11) and (13) would lead 


ut the aref in infinite determinant which theoretically would 
MCUIONS ¢ Field an exact solution for the buckling load or the static 
F deflection lo obtain approximate results with a finite 
eterminant, there are two alternate procedures. One 
es method vields an upper bound for the buckling load 
P while the ther gives a lower bound. Bounds can also 

try b « be obtaine | for the mean static deflection. 
| An upper bound is obtained by the usual Kitz pro 
Feedure of satisfying all the boundary conditions, but 
fad dls sti r some of the undetermined coefficients equal to 
ero. Using the incomplete set of functions in the 


r boundary} Ritz method has the effect of stiffening the plate and 


v by tern. > raisit 


g the buckling load. 


4 


itions Eqs} A lower bound is obtained using the complete set ot 
nditions efficients but not satisfying all the constraining rela 
ions Eqs. (11) and (13 This method is based on a 
by the ex principle from the calculus of variations due to Cour 
nt“ By strengthening the conditions in a minimum 
problem we do not diminish the value of the minimum; 
(max a mversely, by weakening the conditions the minimum 
lecreases, or at any rate does not increase.”’ 
If . . ° . . a ° 
: From an engineering viewpoint, relaxing the condi 
ye zero jn} tion that w 0 on the boundary has the effect of mak 
ing the plate more flexible, hence decreasing the buck 
ling load 
Lower Bound Solution 
In the lower bound solution the constraining relation- 
ships Eqs. (11) and (15) will be satisfied up to 7 = r and 
Using Lagrange multipliers, the function to be 
a?) 12 | minimized 1s 
H = l | — + = # 
0.2.4 0.2.4 
mw OL a lo 
0.2.4 ov 
satisfied |} Where the A’s and the u's are the Lagrange multipliers 
ind @’ + J’ is given in terms of the unknown coefficients 
ted in the | in Eq. (14 
(3), (4 . 
O/T, Oa O/T Ob O/T Ox 0 
m,n 0, 2, 4 16 
Perforining the differentiation and arranging terms 
btains 
4 ] —X = li i 
t'bDy 4 2D, Do) (m ne + 
\4 5) (n n°?3") — Kn?B"|dmn + (Ge 28) X 
rd t) |b + (Ge 2)|nra (c +t ri 
ot ell Mm + Xn + dnn) (1 + bo + 6 \7b) 
° ' . 
em 18 © Pimr{(c + ¢) ala + [2m?S + (1 — v)n*B?S + 2]0 
the ex (1 + v)mngBs c, 0 (lie 
he Gmn§ 
isfy the | "?* Alay» + (1 + v)mnBSb,,, + 
sets of 2n*B?S + (1 — v)m*S + 2\ Cm, 0 (17d 
' 
where 


CLAMPED SANDWICH PLATES 


D Eet(c + t)? 201 yp"), S Dor? a*G 
A - r°D 
\, appears in Eq. (17b) only if 7 : and u,, appear 


only ifm <r. Solving the above equations obtain: 


a | Lu A or 2 = U \ 
‘ ) 
) » Male Z Sn n-o S 
\ ) ) 
( » Nw ad Sn n-i3 Ni 
where 


Substituting the a,,,,’s given in Eq Sa) back into the 
constraint Eqs. (11) and (15) up to 2 r and 
vields 
do +c >, Aon t+ > And 7. ae ?0 
bh > 1 pw 1 ir 
p> 1 2, ?20b 
do + > undA \ >» A 
-,4 i 
= +> A Oe 
> = BmAm + D A 
, 0 } ( t 
= >. A Un» ] 2 | POd 
” 0 j 


The set of Eqs. (20) and (17a) contains |(7 

3 linear nonhomogeneous equations in |(r +4 2 
Lagrange multipliers and a After solving for the 
multipliers, it is possible to determine the Ss, 0D S, 
and C.; 


's from Eqs. (1S Phese coefficients determine 


u,v, and w from Eqs. (7), (S), and (9 For the case ot 
a uniformly distributed load, all the Fourier coetti 
vanish except 


cients g, which simplifies Eqs. (20 


If the transverse Joad g 1s zero (4, 0), the set of 
Eqs. (20) and (17a) reduces to a set of [(r 4 2 
homogeneous equations 1n the same number ot La 
multipliers. For a solution different from zero, the 
determinant of the coefficients of the unknown \ 

and y's in these equations must vanish. The smalle:t 
value of A for given values of 2D, Dy and S which 


makes the determinant vanish determine a lower 


bound to the lowest buckling load. 


Upper Bound Solution 


In the solution for an upper bound, some of the 
Am»'S are set equal to zero but all the constraints are 


satisfied. Arbitrarilv let 
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Arad, ste = VU (d, e 2 ee ae : h 
— ‘ 7. din = O (1 Pe Se AP Sy 3 ) in 
If all of the boundary conditions are satisfied, it can een aap 
be shown that one of the constraining relations, Eqs. © 4 : 
F . ee - cr is : ‘ th 
(11) or (13), is redundant. Omitting the first of Eqs. am 0 (j = 0,2,4... 9 
i. 1s . ” 0, 2,4 lu 
(11), the constraining relations become 
wes 
, , : ‘ oO! 
~ an =0 G=2,4...n (21) Lam =O (f=st2st+4...) cam Fe 
n=0,2,4 sided Tae ends 
The function to be minimized becomes late 
Late 
; : a = ~ = & Eq! 
H=U-+4+V- > 5. in) = >» rn p>» a * My > bum = 2, My > 1 a 
j=0, 2,4 m=0,2,4 j=s+2,s+4 m=O, 2,4 i=2,4 n=0,2,4 r+2,r+4 n=0,2,4 casi 
1d 
The expression for Ll’ + V is in the same form as in Eq. (14) except that some of the a,,,,’s are now zero. i refe 
Evaluating O/7/0a,,, = 0, O17/0bm, = 0, and Of7/O0c¢», = O for the dp,’s which exist gives A 
Gan =~ Ama (ua + An + Gun) morn # 0 
ynere 
where uo does not exist, and 
\ — go WI 
, CU 
Substituting back into the constraint equations —Eqs. (21), (22), (23), and (24) -obtains sandv 
x - late 
> Aww +a: 2 4a=- > A inQir (7 a. ae 3) 95 
n=0,2,4 n=0, 2,4 n 0, 2,4 
5 5 s lt the 
> Ametu >» An=—- DD Ardin G=rt+2r+4... 6 | finity 
n=0,2,4 n=0,2,4 n=0,2,4 
wit S het E toe 2 Bite ml. 
m=2,4 ” 2,4 m=2,4 whicl 
» © det 2 aot - 1 ni (j = 2,4 s) oN 
m=0,2,4 m=2,4 ” 0, 2, 4 
’ ’ ? rh 
vj >. Amj = +B Am jdm — Zz, A» idm €) N) + 2; $ + 2, st4...) - lor al 
m=O, 2,4 m=2,4 m=0,2,4 - 
bouns 
The solutions of Eqs. (26) for u; and Eqs. (29) for A; are seven 
critic 
: . , leter 
“= Dd Ain(An + Gin) p> Au | @=rr2rt4...) 30) 
n=O, 2,4 / nx=0,2,4 error 
K, tl 
’ ? 
7 -| > Anj(tm + Gms) / De Ans| (ges+2,8 +4...) 31)] Pures 
m=0, 2,4 / m=0,2,4 Lagr: 
‘ p Sor 
Substituting Eq. (31) into Eq. (25) and Eq. (30) into Eqs. (27) and (28), respectively, gives Gnit 
. nite 


s x ’ / 7 series 
>» A inXn = lb A in | > Am (My, cis Qmn) / , A, 7 a \n 
2,s5+4 m 0, 2,4 . 


n=0,2,4 n=s +2, 0, 2,4 i om 

due t 

wm 2» An =—- 2 Ang (¢ — 2, 4, r) (32a) Wiech 

n=O, 2,4 n=0, 2,4 heck 

x ? cant 

Qo + Ao > Amo + p A mobm at 0.07 

m=2,4 m=2, 

hina 

plott 
p Amo > = Ann(An + mn) > «A =— DF Amogmo (32 sess 

m=r+2,r+4 n=0,2,4 / n=0,2,4 m=2,4 or | 

x Y obtai 

Aj > Ang + > A mjbtm — more 

m=0, 2,4 m—2,4 

PTall 

= ‘eae a Re 

» Amj | ps Amn(An + Gun? | ~ An | = Zz A mjQmj (7 —_ 2. }, ecoe SJ (de . 

m=r+2,r+4 n=0, 2,4 n=0,2,4 m=0, 2,4 with 





BENDING AND BUCKLING OF 
[he set of Eqs. (32) contains [(r + s) 2] + l equa 


same number of unknowns. If g is zero, 


ons 11 the 

the smallest value of A which makes the determinant 
the Soeflicients of the unknowns vanish for given 
ues of 2D,/Do and S gives an upper bound to the 


lowest buckling load. 
For limiting values of the parameter S, which de 
yerids on the stiffness of the sandwich plate in bending 
mpared to the shear rigidity of its core, the sandwich 
late can be compared directly to a solid plate. 


Equations similar to Eqs. (20) and Eqs. (52) can be 
lerived for a solid isotropic plate where the term corre 
sponding to 1’A in Eq. (19 of this paper is derived 


11) re fe rence )as 


Kn?37} X 


7 : i 
1 T O, rT O { 


A r'bD ‘4a*) \[m? + n78 


where D is the plate bending rigidity and replaces D) in 

When the core is infinitely rigid in shear, S 0, and 
by comparing the 1 A,,,, terms it can be seen that the 
sandwich plate has the same buckling load as a solid 


nlate with bending rigidity 


D = D, + 2D, 


If the core is so weak in shear that S approaches in 
finity, the sandwich plate has an effective stiffness of 


D 2D, 


which says the two face plates act independently. 


RESULTS 


The solution for the buckling loads was programed 
foran IBM 704 computer. The equations for a lower 
bound were used with 7 s 6. This results in a 
determinant which at the 


The value of A which makes the 


seven by seven vanishes 
critical values of A. 
determinant vanish must be determined by trial and 
error. In each case four trial values were assumed for 
K, the corresponding values of the determinant com- 
puted, and the critical value of A calculated using the 
interpolation formula. 


the coefficients of the determinant 


Lagrange 
Some of are inl 


The first 25 terms were summed for each 


finite series. 


series, 

An “exact” solution for the solid isotropic plate is 
due to Levy.’ This solution corresponds to the sand 
wich plate with S 0. The exact value of A was 


checked by the lower bound solution to five signifi- 


cant figures for the case of the square plate (A 


10.074 As S increases the infinite series in the deter- 


mimant converge more slowly, but the values of A 
plotted in Fig. 2 should be very near the exact solution 


lor Hoff’s equations. In view of the good accuracy 


obtained with the lower bound solution, the numerically 


more complex upper bound solution was not pro 


gramed 
not shown) were obtained for a few cases 


with 2 D,/D, 0.01. 


Results 
Values of A ranged from one 


CLAMPED SANDWICH PLATES $11 
13 
12; r 
i \ 
10+ \. ae 
gs | KK 
8: X ~ ~ “>—=™Ss= 0 
7 SJ — ~~ + §=,02 
K Mi —~ 
6 ~ ~~ ———-—$=05 
a. he [ 
5 Sort 7 —__*: 
a | 
4 S215 
3 
2 
| 


O O02 04 06 O8 ILO l2 14 i6 18 20 
Pn 


Fic. 2 


per cent higher for S Q to approximately four per 
0.15. The ratio of 2 D, D 


sponds to a ratio of c ¢ 1.76 which is a plate with 


cent for S 0.01 corre 


relatively thick face plates. These results indicate 
that the usual practice of neglecting 2), compared ta 


Do is justified for most sandwich plates 


NUMERICAL EXAMPLI 


As an example of the use of the curves in Fig. 2, the 
buckling load of an Alclad-cellulose acetate sandwich 
plate will now be computed. The plate has the follow 


ing dimensions and elastic properties: 


a b 37.27 1n. 
t 0.012 in. 
( 0.244 in. 
E 9.9 X 10° psi for facings 
v 0.3 
G 3,900 psi for the core material 

Et(c +t 9.9) (10°) (0.012) (0.256 
D 

2(] I 2? (0.91 
D 1,278 in.-lb 
- Dor 1,278) 9 - 
> : ops = 0.0355 

a-Gt iy 24 3,900 (0.244 

kt 9.9) (10%) (0.012 

dD, 

12(1 I 12(0.9] 

1.57 in.-Ib. 


It can be seen that 2D, Dy is negligible in this case. 
Interpolating between the curves in Fig. 2 gives A 
7.94 when S$ 0.0355 and b a E. 
Kr*D (7.94) 27(4,278 
P 242 Ibs per in. 


) 97 OF 
a (37.27 
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The results of experiments conducted at the Forest 
Products Laboratory on four specimens of this type 
and reported in Table 19 of reference 9 had observed 
buckling loads ranging from 223 to 242 Ibs. per in. 

On this basis of this and other results reported in 
reference 9, there appears to be good agreement be- 
tween Hoff’s theory and experiment. 


CONCLUDING REMARKS 


A method of solution has been presented for bending 
and buckling of sandwich plates. 

Curves are obtained for buckling loads which are 
suitable for use in design. Comparison of the theory 
with published test data indicates good agreement 
between theory and experiment. 

Equations are also obtained which are suitable for 
obtaining stresses and deflections in clamped sandwich 


plates under transverse loads. 
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' SUMMARY velocity superimposed on a mean velocity with a um 
ictuator dise type of analysis is carried out to determine form swirl angle indicated by a slope ay 
Vat , effect of a nonuniformity in the circumferential velocity 5 . 
athematics | ee uy u + « sin [u(y ax)? la 
New Yor: profile entermg an axial flow stage of turbomachinery rhe P 
lysis is restricted to study of incompressible, inviscid flow % = at + aye sin [n(y ax) /r] lb) 
} ith the sumption of hub/tip ratios close to unity reducing 
M n Ed : , nan ; . » 
problem to two dimensions The outlet velocity pattern far downstream of the 
sag niga nig helclgge ea tas asaate tan pelea rotor will have, superimposed on the mean velocity, a 
etin, Se jstortion through the stage, the circumferential shift in the ; : ee . . . “oF 7 
ia ee Rane é ee sinusoidal variation of velocity of a different amplitude 
file, and the fluctuation in load felt by the rotor blades passing hifted ; , : : | . ; t] 
Poa through the nonuniform velocity field, all as a function of stage and shifted in circumferential orientation with respect 
els geomet! to a reference mean flow streamline. The gas will have 
t No. 1593 Results are given for compressor, turbine, and free wheeling a uniform swirl angle indicated by a slope as 
ges as a function of wheel speed, stage loading, and mean 
gger angle. General conclusions and design recommendations Uy = UT & SIN [MKS Q4X)/T T $4 “a 
de with respect to minimizing blade load fluctuation and ae ; ,} 
. : uy lat -T (14€4 (Vy sv) T “4 y 
izing distortion attenuation. , = He SS IN - : : ‘ 
Since we have restricted our attention to the situa 
SYMBOLS — 8 . a 
tion where variations of parameters in the radial direc 
tan a = tangent of absolute flow angle tion may be neglected, the continuity equation 1s 
tan B tangent of relative flow angle 
NACA R } order of distortion harmonic component Ou, Ox) + (Ov OY) QO » 
static pressure ai : ‘ na 
ee ; rhe radial component of vorticity has the magnitude 
nder Vi mean radius of passage ; 
wheel s d ™ 
ner ee ' (Ov/Ox) — (Ou/Ov) = F(x, y) 
etical St mean axial gas velocity ; 
ement ixial gas velocity In order to linearize the problem, we assume that 
tangential gas velocit A .‘ . . 
ee ee ee vorticity, instead of being transported by the stream 
St A change in tangential gas velocity li . t ih ai | 1j ‘ ; 1 \\ 
é ‘ : es, 1S transported along the lines of mean swi 
1ir-t pA fluctuation amplitude of Az - 4 as mong * a ; : , ; 
9, 1952 Hy loading therefore neglect the second-order eifect of vorticity 
nciden ixial direction transport induced by perturbation velocities 
of Atta tangential direction In the region upstream of the rotor (from station | to 
solute floy gl . 
ib lute flow angle station 2) 
tical In relative flow angle 
and Body | ‘fluid’ stagger angle Ov /Ox) (Ou /Ov) C(y ayn Da 
$, 1954 é amplitude of velocity distortion 
tion of vorticity vector in radial direction een meearecai ian 
11 Locat f fluid density ” i 
vg in I ¢ circumferential phase orientation of distortion f ] 
NACA Station Subscripts 4 U/ i J 
l some distance upstream of tne blade row ro. EN Fs 
2 immediately in front of the blade row ? j 
immediately after the blade row 4 
1 some distance downstream of the blade row j Ya ; 
Y 7 
‘ . / i 
GENERAL EQUATIONS y 
, 7 E CONSIDER first the action of an isolated rotor ‘ VA 
in an annular passage of uniform height with A 4 
eid hub tip ratio near unity as in Fig. 1, permitting us to ‘ 
Le Vide} "eglect variations in the radial direction. The circum- ‘ wy | <n a 
lerential inlet velocity distortion far upstream of the \ 
| . } frotor will be assumed to be a sinusoidal variation of 
; ibre, | woe —————— 
: ‘ j % — | ae 
echanics Received January 14, 1957 i 
dvisory Engineer, Aviation Gas Turbine Division Fic. 1. Nomenclature 
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In the region downstream of the rotor (from station 


| 


Ge | 2 


SCIENCES rUNE. 1957 


U3b3 = v3 + l 


3 to station 4) ae, : : 
Again inserting the general expressions for the ye] 
(Ov/Ox) (Ou/Oyv) = ¢(y — asx) (5b) itv components, we find . 

= i , he 

rhe general expressions for the velocity components fib; + bse, sin [ny/r + ¢4] + dye; sin [ny/r + ¢ 7 
which satisfy the foregoing equations and the foregoing U + agit + asessin [ny /r + ¢4] — ecos [ny/r + ¢ 
boundary conditions are found to be (a) In the upstream 
region from stations | to 2 where —~ < 4 0 

Matching the phase components of sin (7) 
‘ | ' -) py] 
i ( \/r] + 
u 5 Se on cos (zy r), and also the constant mean value elemep 
“ea 
: Inv/r + © 6a) . , 
ee ver ¥2 IE . of the equation, gives 
7 ayt dye, sin |n(y ax) r| 4 ] ; 
i €4 €1) COS ¢4 FT O3l€3'/€,) COS ¢ 
6 cos [nv/r + ele 6b) ‘ 
sa (4\€4 €,) COS 4 €3/€,) Sin ¢ The 
and (b) in the downstream region from stations 3 to 4 3 ; Swi 
€; €) SIN 4 Dz(é3°€) SIN ¢ 
where 0 < x ! 
Q4\€4/€&) SIN 4 (€3€ cos 
Uu a + e sin [n(y asx) /r + gy] 4 
: im ; U/ai = b ls I 
e, sin [my/r + oI 7a) 
1] 
v= ay + ase, sin [m(y — ayx)/r + ¢s] No Loss ConpITION 
e, cos [my r + gs le 7b) 
; ; For our last condition we assume that there are 
An immediate conclusion to be derived from the above - Riis ; == 
; ‘ ‘ ‘ oa ie : osses along any streamline in the upstream region, 
expression is that any circumferential distortion of 
width (2ar/n) will induce local disturbances at the pi’ p + (7 + 27)/2 p2o/p + (ue? + v7) /2 
rotor. But these disturbances will die away (to a value 
of exp —7) upstream and downstream of the rotor in no losses in the flow relative to the rotor, 
an axial distance equal to the width of the distortion. P | : oe 
p2/p tr |(u moe + U)?)/2 ] 
. bs/p + [u3? + (v3 + U)?]/2 (141 shif 
AXIAL VELOCITY MATCH CONDITION fect 
. : rec 

, and no losses in the downstream region. ; 

Since we are neglecting any change in density through rest 
the rotating row, and the annulus area is constant, the bs'p + (us? + 032)/2 = ps/p + (ug? + 92)/2 (14 giv’ 
axial velocity entering the blade row must equal the a 
axial velocity leaving the blade row Combination of these three Bernoulli equations gives 

us = u(O—, y) = u3 = u(04, y) (8) 2(pPi — ps)/p + ml + ay?) — ug + a4?) = 
? ; 2U(v3 — vo) (15 \ 

Using the general expressions for the velocity com- nie 
ponents, we find which can also be inferred from the Euler pump an ui 
a ; turbine equation. the 
a + «sin [ny/r] + e& sin [vy r + go] = aE : , . “ps 

3 . ' ' aia ‘ Consistent with our assumption of vorticity trans bla 
at + e sin [nv/r + gs] + 6 sin [mv/r + ¢3] (9) é : 4 - si 
port along the lines of mean swirl angle, we also identify ten 

Matching phase components of sin (my/r) and cos variations of parameters on a streamline along thes tine 
(ny/r) in the latter equation we derive the two condi lines of mean swirl angle. ‘sol 
tions Inserting the general expressions for the velocity the 

, components and eliminating terms of order (e?) we fin tial 
1 + (€2/€,) COS go = (€4/€) COS 4 + (€3/€,) COS ¢ (10a) : ‘ 

our last requirement att 

(eo/e,) Sin go = (e4/€1) Sin oy + (€3/e1:) Sin ¢3 (10b) a . 

2(p1 — pa)/p + C1 + a?) 4? + 2He sin [ny/r]} és 
9\{ =9 ; —— 
. , (1 + a.2){ a? + Ge, Inv/¢ + o 
Rotor Exit ANGLE CONDITION F eal A tes ae ee 5: 
2U jay + ageg sin [ny/r + gg] e; cos [ny/r + 9s] 

If we assume that the mixer is heavily bladed, the 2U aii + aye sin [ny /r] + & cos [ny/r + &]! 16 
relative exit angle of the fluid leaving the rotor will rh 
coincide with the geometric exit blade angle irrespec- Finally, matching phase components of sin (ny by 
tive of the relative incidence angle and cos (vy 7) in the latter equation and, in addition 

the mean value elements of the equation, we deriv 
the last set of conditions 
(l= ay") [1 — (&/€) COS ¢s] = (U u) [as(és €1) COS 4 + (€3/&) sin 3 a, TT (€0/€) sin yo] l7a t 
10 
—(1 —- a4?) (€4 €) sin Oy = (U ut) [a4(€, €)) sin 1) i (€3 €;) COS 3 — (€2/€,) COS yo] 17b thr 
in 
17¢ loa 


(pi: — pPa)/p + (ai? — ay?)a?/2 = 


2= Uilag —_ a) 


or the vel 


Pre ar©e Oo 


region, 


Wimp an 


ty trans 
identifi 
ng these 


velocity 
we find 


(ny r 
ddition 


derive 


CIRCUMFERENTI 


AL 


INLET DISTORTIONS 


SOLUTION 


[The three match conditions (giving six component equations) permit solution for the six unknown quantities 


umplitude and phase at stations 2, . 


2, 3, and 4) as a function of the inlet distortion amplitude and the rotor geometry. 


[he six simultaneous equations, (10a), (10b), (13a), (13b), (17a), and (17b), may be written in matrix form as 





- | 0 —] 0 —] 0 | (62/41) Sin ¢» 0 
(j l 0 —] 0 —] (€2/€,) COS ¢o l 
0) 0 l —h 0 — (hb; — ag) (€3/e,) sin ¢ 0 
() 0 b l (b3 — a4) 0 (e:/€) COS ¢3| 0 
()} — (hz = Tas O — (bh. = Ge (] + bea, 0 (€4/ €,) sin 4 0 
Qa) 0 (b; — dg) 0 0 (1+ 65 a) | (€3/€) COS & (1 + a,7) + ailb 4) 
1S 
[he solution is somewhat simplified if the mean flow angle relative to the rotor (based on the uniform value of inlet 
swirl for upstream of the rotor) is introduced as an intermediate variable 
bo = (U + x) uu, = be. — Qs + Qy (19) 
The set of six equations implied by Eq. (18) may be solved, first for (€; €) sin ¢,; and then for (e€,) cos gy. The 
umplitude and phase of these two components in combination is then 
(1 + ay*)(1 + be?)(1 + 857) / 
(€4 €) . v3 . = 20) 
U1 + a42)[4(b; — ay)? + (1 + 8,)?]8 
(bz — ag)} (1 + 03?) [(1 4+ abs) + (1 + aybe)] + 2(b3 — ag)? — 2(1 4+ agd3)(1 + aybe)} 
tan 04 ry o\) (21) 
(bs — as)*, —2[(1 om a4b3) + (1 + a,b) } + (1 + bs"); — (1 + b37)(1 + a4b3) (1 7 dybe) 


STAGE ATTENUATION 
The latter result gives the attenuation and phase 
shift of a distortion through an isolated rotor. The ef- 
fect of a stationary row of blades is deduced from this 
result by letting the wheel speed, or (63; — a4), go to zero, 
giving 


a a4") 


(€&4/€1) stator = (1 + a1*)/(1 
tan gy = OU 23) 


may study the net cumulative effect of a com- 
inlet flow, inlet 


We 
plete turbomachinery stage 
guide vanes, rotor and outlet guide vanes returning 


(axial 


the flow to the axial direction) by neglecting inter- 
blade-row interference effects and correcting the at 
tenuation of the rotor for the acceleration and decelera- 
tion effects of the stationary rows. In this way, we 
isolate the primary quantity of interest, the effect of 
the rotor on the profile attributable only to the differen- 


tial work on the distorted inlet profile. The stage 
attenuation is then 
\€4 € 
1 + ay7)(1 + 607)(1 + 8,7) 
: (24) 


Va +- ay") [4(b; a4)? + (1 + bs?)?]) 


The phase shift is given by Eq. (21) since it is unaffected 


by stationary rows, Eq. (23). 


FLUCTUATING BLADE LOAD 


An additional parameter of significance is the fluctua- 
tion in load felt by the rotating blading as it passes 
through the velocity distortion field which is stationary 
in space. The tangential component of the blade 
loading (or circulation) is proportional to the change in 


tangential velocity across the row, either in the station- 
ary or rotational sense. 

The fluctuation in this value is indicative of the am- 
plitude of oscillatory forces that the blading will feel, 


6(Av) = | (vs — vo) — (%3 — Ze) (25) 


Manipulation of the equation involving the total 
fluctuating load, Eq. (15), and the mean value, Eq. 


(17c) leads to the result 


2(€4/€1)stage COS G4 1 


P { 
0( Av) & = » 1 = 


h 14) 


, ’ 92 
(€4/ €1) “stage) (1 + ay") ) ay, 26) 


It will be seen that the blade load fluctuation is ap 


proximately equal to 


' { 
€, = tl — (ee/€1) stages (1 


6( Av) 
when the phase shift y; is small. Thus, the design 
criteria of best attenuation and small load fluctuation 
are generally incompatible, and design compromises are 
necessary. 
RESULTS 

The independent parameters chosen to study be 
havior of the derived equations are (1) the rotor’s 
‘fluid’ stagger angle defined by the mean tangent of 
the relative gas inlet and outlet angles 


tan y = (be + b3)/2 (28) 


(2) the rotor velocity ratio 


U/n = bs — a (29) 
and (3) the stage loading coefficient 
W/U? = Av/U = (ag — ay)/(b3 — aa) (30) 
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Fic. 5. Effect of stage loading on velocity distortion amplitude Fic. 9. Effect of wheel speed on tangential blade load fluctuati coul 
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CiRCcUMFERENTI 


» through 11 summarize some typical results ob- 


tained from the foregoing analysis for turbines, com- 
pressors, and freewheeling (or very lightly loaded) 
stages. Stage velocity distortion amplitude ratio and 
tangential blade load fluctuation are shown as they are 
iffected by stage loading and wheel speed over the 
range of blade stagger angles for representative values 
f these various parameters. 
Conventional design regimes are indicated on these 
liagrams by shaded areas with the representative limits 
ompressors—design regime defined by locus of 
(be = 


for zero inlet swirl (a; = 


ymmetric staging —a,) and the locus of stages 


lesigned 0); (2) turbines 
lesign regime defined by locus of symmetric staging 
and the locus of impulse stages (y = 0); 
design criterion of zero 
0), 


ind (3) freewheeling stages 


inlet swirl 
the locus, derived from the attenuation equation, which 


a = 0), or zero blade stagger (y = or 


gives the optimum attenuation for a given inlet swirl 


ingle 


ARBITRARY INLET PROFILES 


rhe analysis has been carried out for a pure harmonic 
But, the 
nature of the solution, any arbitrary inlet distortion 


velocity distortion. because of linearized 


profile may be handled as the summation of its har- 


monic components. For an inlet profile defined by 


My i+ > (a), sin [ny/r + (e1)n] (32) 
the velocity at exit (referred to the same mean stream- 


line) will be given by 


Us ur \& €1) stage dy (€1)n sin [my/r + (¢1)n + oa] 
(33) 

which is equivalent to 

, PD [ , * 4 

Uy “u -t €4/€1)stage|\U1 — U4) COS 4 7 (U1" — UX) Sin vs] 
(34) 


The function #,* is the complementary function of 1% 
and is defined by 

Mm” = u+ > (a), cos [ny/r + (¢1)n] 
with (€;/e)., 
Fig 


typical inlet distortion. 


we and (¢4) given by Eqs. (24) and (21). 


12 shows the effect of a compressor stage on a 


CONCLUSIONS 
rhe foregoing analysis indicates the following general 
conclusions 


(1) Compressors 


Conventional design practice lies in regime for mini- 
mizing the load fluctuation felt by the rotor blades. 
\ttenuations of 0.7 to 0.8 are probable for typical 
Better 
could incorporate lower reaction staging. 


Stages attenuation is achievable if designs 
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tion in turbine stages (U'/a 
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ll. Effect of wheel speed on tangential blade load fluctua 
tion in freewheeling stages (W/L? = 0 
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(2) Turbines 


Conventional design practice lies in the regime for 
best attenuation Attenuations of 0.5 
to 0.4 are probable for typical stages. The attenuation 


of distortions. 
is insensitive to stage loading. Higher reaction stage 
design would result in lower blade load fluctuation 


(3) Freewheeling (or Lightly Loaded) Stages 


Design without inlet swirl is relatively ineffective 
giving, at best, an attenuation of 0.71 when the rotor 
blades are staggered at 45 For a given wheel speed, 
optimum attenuation is achieved with unstaggered 
rotor blading and appropriate inlet guide vane swirl to 
induce design wheel speed. For a given inlet swirl, 
and no wheel speed limitation, optimum attenuation 
is achieved by staggering the rotor at an angle given by 
Eq. (31). 

In all cases, higher design speed results in better at- 
tenuation and higher load fluctuations. 
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Aeroelastic Stability of Supersonic Wings 
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SUMMARY 


The theory of static aeroelastic stability of supersonic wings 
including chordwise bending, as developed in reference 1, is fur 
ther extended to include the influence of stresses arising from 
thermal gradients. The wing spanwise twist distribution is 
found to obey an ordinary differential equation of the fourth 
order whose coeflicients depend on the thermal gradients. The 
influence of finite deformation is taken into account by the fact 
that the coefficients of the differential equation also depend on 
the amplitude of the deformation. The thermal stresses affect 
the stability in two distinct and independent ways, through its 
influence on the effective torsional stiffness and on the anticlastic 
effect. way 
that if the thermal stress produces an increase in torsional sta 
bility it decreases the anticlastic stability, and vice versa. It 
is possible to embody the effect of the thermal stresses in a single 
i single family in this 


These factors act in opposite directions in such a 


parameter. Stability curves constitute < 
thermal parameter and plots are shown for three numerical values 


of the parameter 


EVALUATION OF THE MEMBRANE STRESS 


, REFERENCE | we have investigated the aeroelastic 
stability of supersonic 
bending. It found that the stability 
tremely sensitive to the anticlastic effect 
tendency of the wing to acquire a saddle shape as it de- 
flects. It must be expected that thermal stresses have 
a strong influence on the anticlastic effect and there- 
Our purpose 


wings including chordwise 
iS @x- 


the 


was 
1.€., 


fore also on the aeroelastic stability. 
here is to give a simplified treatment, leading to an 
evaluation of the influence of thermal stresses on the 
wing stability, including the chordwise bending, the 
anticlastic effects, the change in effective torsional stiff- 
ness, and the nonlinear aspects due to finite deforma- 
tion. 

We follow the procedure developed in Section 7 of 
reference |. This is a modified strip method which 
takes into account the influence of Poisson's ratio along 
with the membrane We consider a canti- 
lever wing of rectangular plan form and double-wedge 
The method, however, is 
For 


stresses. 


airfoil section (see Fig. 1). 
not restricted to this particular configuration. 
simplicity, we shall assume the temperature distribu- 
tion to be parabolic along the chord and independent 
of the spanwise coordinate. As is pointed out below, 
this is an approximation which embodies the essential 
temperature parameter. The treatment 1s 
easily extended to cases of nonuniform distribution 
along the span by introducing a spanwise variation of 
Also, as is pointed out below, the 


present 


this parameter. 
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equivalent parameter for a nonparabolic distributi 
may be introduced by an averaging method. 

We represent the chordwise temperature distributj 
by 


6 = }[(0: + 62) 2] — Of (x?//2) + 


[(@2 — 0,)/2]| (x/l) + 0 


where @ is the temperature at the midchord (x = | 
while 6;, 02 are temperatures, respectively, at the lea 
ing edge (v = —/) and the trailing edge (x = /). Thes 
temperatures are taken to be average temperatures 
across the thickness. 

We denote by ¢a,, and a,, the two stress components 
in the plane of the wing. It is easily shown by pr 
ceeding as in the theory of plates for large deformatio: 
that they satisfy the equation 


VlGrr Tt Cy + a6) = — Ey é 


where a; (assumed constant) is the coefficient of therm: 
expansion and y is the Gaussian curvature of the d 
flected wing surface, 


— 9) a) 799 


Y Wyy rr Wry 


The subscripts indicate partial derivatives 0° 0 

0” dy", 0? Ox Oy of the deflection w taken positive uy 
We may assume the membrane stress 
0. Moreover, we ma 


ward in Fig. 1. 


to be only spanwise—1.e., o;; = 


put 


aiV "0 (a, 17) (0, + 02 — 200] = 6 
This is a quantity proportional to the chordwise curva 


ture of the temperature distribution. It is the signifi 


cant temperature parameter. Since we take o, 
0, we write Eq. (2) as 
070,,/0x? = —E(y + 3) 
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General configuration of the wing, temperatures, al 
stresses 
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In first approximation we may assume the curvature 
, to be constant along the chord. We see immediately 
the reason for which we have assumed a parabolic vari- 
ition of the temperature since this yields a constant 
The effect of the temperature then plays 
and we may therefore 
There is 


value lor é. 
the same role as the curvature y, 
proceed exactly as Section 7 of reference 1. 
me difference, however, which constitutes an improve- 
ment. In the previous work we considered the total 


membrane stress-t.e., the stress o,,, integrated across 


the local thickness h’, 
CG, = ean" 


ud we assumed that it satisfied the approximate equa- 


tion, Eq. (7.1) of reference 1, 


07a, /0x? = —Eh’'y (6) 
\ctually it is more correct to use Eq. (5), and we shall 
rederive the theory on the basis of Eq. (5) instead of 
Eq. (6). 

The distribution of the stress along the chord is ob- 
tained by integrating Eq. (5) and choosing the con- 
stants of integration in such a way that the total stress 
is self-equilibrating—1.e., 


h’o,,x dx =0 (7) 


h’o,, dx 0 and 


lhe wing has a double-wedge cross section of maximum 


thickness. Hence. 
, x 
k= 811 = (S) 
his yields 
Cus (1/2)E(y + 6) ((? 6) — x? ] (9 


lhe chordwise distribution of the total membrane stress 


1s 


Ey + d)h/* (10) 


DIFFERENTIAL EQUATION FOR THE WING TWIST 


We now evaluate the torque, acting on a strip of 
spanwise coordinate y. The local wing deflection is 


approximately 


where w and a@ are, respectively, the deflection and 
angle of attack at the midchord.* The local spanwise 
curvature is 

Wy * Wy — ay (11) 
Where a,, is the second spanwise derivative of a. The 
wing considered as a thin plate deflects under an 


equivalent load per unit area equal to 


Q = OyWyy q (12) 
Note that w is used for w’ in the previous section. In the 
quations below, wy,, wr, and w zy designate the second deriv 


sat the midchord 


tiv 
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where q is the aerodynamic load {see Eq. (1.1), refer 
ence | Hence, from Eq. (11), 

/, > 

QG = CyWyy — AyyFyX T q (13 


This load produces a torque, made up of two terms. 
One term 7” is due to the load —a,,o0,x, the other 7 
is an aerodynamic torque, originating with the chord 
wise curvature, which itself is caused by the load gq’. 
We shall first evaluate 7”. We find 


dha, (14 


| _* 
: o,x* dx = — E(y +4 
J0 360 


The torque is positive in the stalling direction 

The chordwise curvature w,, produced by the load 
q’ is obtained as in reference | by a method of virtual 
work, and by assuming that w,, is constant along the 


chord. We derive 


(15) 


(k la 


In this expression, v is Poisson's ratio and & is the sta 


bility parameter defined in reference | as 


k = 24(M2/V M2 = 1) [pet — v2) EF) (h)® (16 


Eq. (15) is the same as Eq. (7.8) of reference 1, except 
for the addition of a temperature parameter 6 and the 
numerical coefficient 7/30 instead of 11.15. The latter 
difference is due to our use of Eq. (5) instead of Eq. 
(6) We must 


remember that y contains w,,, hence, solving Eq. (15) 


for the membrane stress distribution. 


for w,,, we obtain 
Wer = —v,'fw,, + (2 3)f(R la (17 
with »,’ = v — (7/30) (1 — v?) (/* A?) (w,,? — 6) (18) 
f= 1/[(1 + (7/30) (1 — v?) (14 h?)e (19) 


The coefficient »;’f is an ‘“‘effective’’ Poisson's ratio 
which gives an immediate evaluation of the magnitude 
of the anticlastic effect associated with a spanwise 
The effective Poisson’s ratio 1s increased 
if 6 is positive—.e., if the temperature at the midchord 
is lower than the average of the leading- and trailing 
We shall discuss the magnitude 


bending w,,. 


edge temperatures. 

of this effect later. 
The chordwise curvature w,, produces an aerody 

Its value 


namic torque which is easily evaluated. 


(positive in the stalling direction ) is 
vy 'flw,, 


(20) 


T = (4:3) (MV M — 1)pc?l?[(2 3)fka 


The total torque being 7’ + 7, we may write a differ- 
ential equation for the spanwise distribution of the 


wing twist 


—QO(d?a/dy*) = 1° + 1 (21) 
where Q is the wing torsional stiffness. Substituting 
the value of 7” from Eq. (14), we may write 

—Q,(d*a dy") = 7 (22 
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with an ‘effective’ torsional stiffness , 4 
QO, = Q —: (7/360) E(y + dhl (23) 
We see immediately that if 6 is positive—i.e., if the dis- 
tribution of temperature is concave upward—its 4 
effect is to lower the effective torsional rigidity. The 
effect of the twist w,, alone appears through y = 
—wW,,” which gives a measure of the increase of torsional 
rigidity due to finite twist. Torsional instability occurs 3 
° : a) ipo. . . ' : UNSTABLE 
for Q; = 0. For infinitesimal deformation, y = 0, and 
this gives the stability criterion in twist, YH 
6 = (360/7) (Q/EAI*) (24) 
2 
When 6 exceeds this value a finite y appears, the 
magnitude of which is again derived from the condition ae ae 
O, = 0—., 
| 
—y = 6 — (360/7) (Q/EAI*) (25) 
As mentioned above, the effect of the temperature on 
the aeroelastic stability appears, not only through a 
en ee eee PS ee ate 0 i - 
change in effective torsional rigidity, but also through o 2 3 4 6 6 ? 


the anticlastic effect. To evaluate the combined effect, 


we may proceed entirely as in Section 7 of reference 1, 


provided we replace Q by Qi, and v’ by »’. We write 
P, = WlE 24(1 — vy) (26) 
R = h3//601 — vl (27) 


where J; is the wing cross section moment of inertia 
Furthermore, we put 


(8/9)R°P(b?/1?) | 
2) »,'R(b?/1?) \ 


about the chord. 
HH, — 
Si = (3 


where 0 is the wing span. 

The differential equation for the wing twist in terms 
of a nondimensional spanwise coordinate 7 = ¥v/b is 
then identical with Eq. (7.17) of reference 1, except 
that /7 and S are replaced by //; and S;—.e., 


fT, Sia = 0 


(29) 


(d4a/dn*) + IT f(d?a dn?) 
DISCUSSION 


The stability diagram in the Vib, S: plane is the 
same as that given by Fig. 19 in the above reference. 
In order to discuss the effect of the temperature it is 
convenient to separate the parameter 6 in the expres- 
sions of /7; and Sj, 


H, = H(Q0/0;) Sy = S(»,'/v"’) (30) 
H and S are defined as in reference 1: 
H = (8/9)k?P(b2//?) 
S = (3/2)v’R (b2/I) | ™ 
le ) 
P = WIE/2A(1 — v*)Q , 
vy’ = vp — (7/30) (1 — v?) (14/h?)w,,? 


Because we have used Eq. (5) instead of Eq., (6) ex- 
pressions for pv’ and f are different from those of refer- 
The temperature parameter is contained only 
The influence of the 


ence 1. 
in the factors 0/Q; and »’/v’. 


S 
Effect of the temperature parameter (7) on the stabilit 
diagram 


Fic. 2 


temperature on the VHS stability diagram is ther 
fore obtained by a change of scale of the coordinat 
axes. Consider, for instance, the case of incipient in 
stability 
7 = 0. 


is 


i.e., small deformation—then f = 1, v’ = 1 


The torsional rigidity of the thin double wedg 


Q = (1/6)/W8G = (1/12) [/A2E/(1 + v 32 


hence (with v = pv’ and w,, = 0) 


7/30) (1 + v) (146/h? | o 
7 33 


0/0 =1-( 
é 30) [(1 — v?)/v] (146 /h?)§ 


/ j 
y/v = 1+ ( 
The influence of the temperature is contained in the 
nondimensional parameter 
l6/h? = 269| (1?/h? 34 


T= a(0; + 6 — 


i hat oP 0.3 
208°F. and l/h = 


Fig. 2 showsa plot 


For steel we put a; = 7.22 X 10 and 1 


If we assume (1/2) (61 + 02) — 0 = 
10, this case corresponds to 7 = 0.3. 
of the diagram for three values 7 = 0.3, 7 
— 0.3. 
chord temperature in excess of the average temper 
This can happen 


0, and 7 = 
The value of + —0.3 corresponds to a mid 
atures of leading and trailing edge. 
during a cooling period of a heated wing. 

Fig. 2 indicates that for positive 7 the effect of the 
temperature is destabilizing with regard to torsional 
rigidity and stabilizing with regard to the anticlasti 
effect. 
(cooling phase) the influence of the temperature on 


An interesting result is that for negative 


the stability is reversed. 
The present treatment can easily be extended to in- 
and_ the 


clude spanwise variations of temperature 


effect of the wing tip and aspect ratio on the structural 


Continued on page 429 
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On Magnus Effects Caused by the Boundary- 
Laver Displacement Thickness on Bodies 
of Revolution at Small Angles of Attack 


JOHN C. MARTIN* 


Ballistic Research Laboratories, 


SUMMARY 


The effect of the boundary-layer displacement thickness on 
Magnus effects is investigated by analyzing the laminar bound 
wy laver on a eylindrical portion of a slender body of revolu 
tion. A solution of the three-dimensional boundary-layer equa 
tions is obtained 
s used to calculate the Magnus force and center of pressure by 


The displacement thickness is found and then 


slender body theory 
The 


investigated under certain assumptions, and values from the re« 


Magnus effects caused by turbulent boundary layers are 


sulting expression for the center of pressure are compared with 


lata obtained from range firings 


SYMBOLS 


= radius of cylindrical portion of body 


( = pressure coefficient } pressure/[(1/2) p V2] | 
= diameter of cylindrical portion of body 
F = Magnus force 
F = Magnus force per unit length 
/ 
J = functions describing boundary-layer velocity 
Ih \ components 


2p V2ad*( V,/V)] 


length of cylindrical portion of body 


Re = Magnus force coefficient | F, 


= pressure 


= dynamic pressure [(1/2) p V? 


R, 9 = polar coordinates 
Re = Reynolds Number based on cylindrical por- 
tion of body 
u,v, = boundary-layer velocity components in the 
x, y, 5 directions 
nondimensional boundary-layer velocity com 
ponents for zero spin and zero yaw (ve 
locity / V 
ty | 
= first- and second-order perturbations of the 
\ nondimensional boundary-layer velocity 
components in a and/or V,/V 
| = free-stream velocity 
if = surface velocity of cylindrical portion of body 
Y, ¥, = rectangular coordinates (see Fig } 
distance from the nose to the center of pres 
sure of the Magnus force 
= angle of attack or yaw 
ml = boundary-layer displacement thickness 
A = boundary-layer displacement thickness for 
a = Oand V; = 0 
Received September 18, 1956 
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4,, As = first- and second-order perturbations of the 
displacement thickness with a@ and/or 
V/V 
= density 
= boundary-layer thickness 
50" = boundary-layer displacement thickness at 
the body base 
= wy V/vx 
i = kinematic viscosity 
& = potential function 
Pn = perturbation potential function 


INTRODUCTION 


p I ‘ie TERM “Magnus effect’? was originally used to 
refer to the lift produced by a rotating two-dimen- 
This led to the 


use of the term to refer to the force and moment on 


sional cylinder in a steady stream. 


spinning projectiles which are perpendicular to the 
plane of yaw. In this paper we shall use the term 
“Magnus effect’? to refer to the force, together with 
its moment, acting perpendicular to the plane of yaw 
on a body of revolution which is spinning about its 
axis at a constant angle of yaw. 

Up to the present no satisfactory explanation has 
been presented which explains the observed Magnus 
effects at small angles of yaw. It is the purpose of 
this paper to explain the production of the Magnus 
effects at small angles of yaw on certain types of bodies, 
to calculate the Magnus force and center of pressure 
under certain conditions, and to indicate some possible 
future investigations. The results of this paper show 
that the boundary layer can cause Magnus effects of 
the proper sign and magnitude at small angles of yaw 
even without separating ahead of the base. 

To investigate the effect of the boundary-layer dis 
placement thickness on the Magnus effect we shall 
a cylindrical 


analyze the laminar boundary layer on 


portion of a slender body of revolution. The three- 
dimensional boundary-layer equations for a cylindrical 
are solved for small 


portion of a body of revolution 


angles of attack and small rates of spin. The bound- 
layer velocity components are used to calculate the 
boundary-layer displacement thickness, and this 1s 
used to compute the Magnus force and center of pres- 
sure by slender body theory. 

The effects of the boundary layer ahead of the cylin- 
drical portion of the body are assumed to have very 


little effect on the velocity profile of the boundary layer 
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(a) Lorge Angie Range 





(b) Intermediate Angie Range 





(c) Small Angle Range 
Fic. 1 


An illustration of the types of flow associated with 
various angles of vaw 


This assumption simpli 
Unfortunately, the 


on the cylindrical portion. 
fies the analysis considerably. 
validity of the assumption is not well established. For 
this reason it is felt that the results should be con 
sidered as being only rough approximations to the flow 
around a slender body such as is shown in Fig. |. The 
results should correspond much more closely to the 
flow around this body if the boundary layer on the nose 
is removed at the base of the nose by suction. The re 
sults should also represent an approximation to the 
flow around an open end spinning cylinder at very 


small angles of yaw. 
ANALYSIS 


General Considerations 


The flow around a slender spinning body of revolu 
tion at large angles of yaw is quite similar to the flow 
around a two-dimensional spinning circular cylinder 
|Fig. 1(a)]. In the large angle of attack range it seems 
logical that one could estimate the Magnus force and 
moment on the basis of experimental data obtained 
from a two-dimensional spinning cylinder in a steady 
flow. 

As the angle of yaw is decreased the vortex filaments 
shed from the body approach the axis of the body 
Fig. 1(b)]. In this region the author believes that 
experimental data obtained from a two-dimensional 
spinning cylinder in a steady flow would be of little 
value in estimating the Magnus effects; for the vor- 
ticity shed lies close to the body, and this is not the case 
for the analysis using the two-dimensional spinning 
cylinder concept. It is felt that two-dimensional con 
siderations can be of value in studying the Magnus 
effects in this region, provided the presence of the vor- 
tex filaments which are shed from the body is given 
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proper consideration. Therefore, as long as vorticity 


is shed from the body ahead of the base, at least par 


of the cause for the Magnus effects appears fairly clear 
At small angles of yaw there is no vorticity she 
ahead of the base. On the basis of perfect fluid theon 
one would expect that there would be no Magnus effects 
since in the absence of viscosity the flow should by 
svuinetrical with respect to the plane of yaw. It js 
helpful to consider a closed loop which travels wit! 
the fluid and encircles a spinning body of revolution a 
shown in Fig. 2. When the loop is well upstream o 
the body as in Fig. 2(a), it does not encircle any vor 
ticity; therefore, the circulation around the loop js 
zero. For an ideal frictionless fluid the circulatio 
around the loop will remain zero regardless of the pat! 
of the loop since the circulation around any closed 
curve moving with the fluid is constant (see, for ex 
ample, page 203 of reference 1). It follows that, i 
one uses slender body theory, the cross flow would by 
the potential flow around a circular cylinder with zer 
circulation; and without considering the effects of th 
boundary layer the Magnus effects would be zero.t 
Experiments indicate that in the small angle of yay 
range Magnus effects do exist, and that they are strong 
enough to have a strong effect on the dynamic stability 
of spinning projectiles. fluid 
predicts no Magnus effects in this range of yaw, we ar 


Since perfect theory 


led to suspect that it may be caused by the boundary 


layer. An explanation of the Magnus effect in this 

t The loop argument can be applied to the causes where vortes 
filaments are shed from the body ahead of the base. In thes 
cases the application of potential flow will vield finite values for 


the Magnus force and moment 
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(a) Loop upstream of body 





Loop of fluid 
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(b) Loop encircling body 


Fic, 2. Instantaneous positions of a closed loop of fluid part 


cles which travels with the fluid and encircles a spinning body o 
revolution 
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Boundary layer 


(a) Boundary layer on a cross section of a non- 
spinning body. 


Boundary layer 


(b) Boundory layer on a cross section of a spinning 
body. 


\n illustration of the effect of spin on 
laver on a body of revolution 


FIG the boundary 


range was suggested to the author by Charles L. Poor 
of the Exterior Ballistics Laboratory. 

Chis explanation is as follows. For zero spin, the 
cross flow causes the boundary layer to be thicker 
on the leeward side of the body than on the wind 
ward side {see Fig. 3(a)]. For the spinning body the 
moving surface tends to displace the thickened portion 
of the boundary layer {see Fig. 3(b)]. The reason for 
this is that in rotation the retreating surface will delay 
the thickening due to angle of yaw, whereas the ad 
vaneing surface will advance the thickening due to 
angle of yaw. Thus the thick part of the boundary 
layer may be expected to be displaced in the direction 
of rotation. This produces an asymmetric boundary 
layer displacement thickness. Since the boundary layer 
thickens in the downstream direction, the surface de 
fined by the displacement surface on the cylindrical 
portion of the body resembles a slightly bent cylinder. 
For zero spin this slightly distorted cylinder bends 
toward the leeward and the bending is confined to the 
plane of yaw. When spin is present the direction of 
the bending has a component perpendicular to the 
plane of yaw, due to the shifting of the boundary layer 


see Fig. 3(b) Thus, as far as the flow outside the 


S 


boundary layer is concerned, the cylindrical portion of 
the body and its boundary layer can be replaced by a 
bent eyvlinder which has part of its bending perpendicu 
lar to the plane of yaw. It is the component of the 
bending which is perpendicular to the plane of yaw 
that causes the Magnus effect at small angles of yaw 
The effect of the 
thickness on the Magnus effect will be investigated by 


boundary-layer displacement 


analyzing the laminar boundary layer on a cylindrical 
The 


potential flow will be used for the 


portion of slender body of revolution (see Fig. 4 
“slender body’ 
flow outside the boundary layer. It will be assumed 
that the nose effects can be neglected when considering 
the boundary layer some distance down the body 
The coordinate axes are chosen so that the x-axis ts 
parallel to the axis of the body, the y-axis is normal to 
the body surface, and the z-axis is the distance along 
the surface of the body on the plane perpendicular to 
the axis of the body (see Fig. 4 The angle a and the 
ratio V,/V to be small. All flows con 


sidered are assumed to be incompressible. 


are assumed 


Boundary-Layer Equations 
an incompressible vis 


The differential equations of 


cous fluid are 


Ou Ou Ou 1 oP 

u ae: r @ +vVru 
Ox Ov Os p Ox 
Oi Oi On 1 oP 

u rT? + We + vV"* i 
Ox Ov Oz p Oy 
UW re Ow l oP . 

ul rv + + rV" u 
Ox Ov Oz p Of 

Ou ov Ow ‘. 

Ox OY Oz 

Under the usual boundary-layer assumptions, Eqs 


(1) become” 


nu (Ou Ox) + v(Ou OV) + w(OUu OZ) 
—1 p) (OP dx) + v(O2%u/ Ov 2a 

un (Ow Ox) + v(Ow OV) + w(Ow, Oz 
1 p) (OP Os) + v(O*w/ Ov 2b 
(Ou, Ox) + (Ov, OV) + (OW, O02) = O Ic 


We shall assume that the pressure gradient along the 
body axis is zero, and that the pressure gradient in the 





= direction is given by slender body theory.’ Thus, 
OP Ox ) 
and 
OP Os p(ta® a) I? sin (s a) cos (2 a 
z 
y . 
i 
Y x 
Fic. 4 Coordinate axes used in analysis of boundary laver 
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Eqs. (2) now reduce to 
u(Ou/Ox) + v(Ou/Oy) + w(Ou/Oz) = v(O°u/Oy") (3a) 


u(Ow/Ox) + v(Ow/Oy) + w(Ow/dzs) = 


- 


(4/a)a? V? sin (z/a) cos (z/a) + v(O0*w/dov" 


(Ou/Ox) + (Ov/Oy) + (Ow/dz) = O (3c) 


Note that for zero angle of attack and no rotation the 


preceding equations reduce to the equations for the 
boundary layer on a flat plate with no pressure gradient. 
The boundary conditions are (to the second power 


in @): 


w/V], = 2asin (2/a) 


Solution of Boundary-Layer Equations 


We shall assume that the velocity components can 


be expressed in the form 


u/V = uo + uy + We (4a) 
V/V = % +2, + v% (4b) 
via 4 = Wi TT Woe (4c) 


where my) and vp are nondimensional velocity components 
for zero spin and zero angle of yaw; (1, v1, W1) are per- 
turbations of the first order in a or V,/V; and (tH, v%, 
Wo) are of the order a?, aV,/V, or (V,/V)?. 

Substituting Eqs. (4) into Eqs. (3) yields the follow- 
ing system of partial differential equations: 


(Equations independent of a and V,/ 1’) 
Up(OUo/OX) + Vo(OM0/OV) = (v/V) (O°u0/Oy") (Sa) 
(Ou0/Ox) + (Ov/Ov) = O (5b) 
(Equations of the first order in a@ and V/V 
Ug (OM1/OX) + 14(OU0/OX) + Vo(Ou1/OV) + 
V1(Omy/Ov) = (v/V) (07)/Ov"?) (6a 
Uo (O%1/OX) + Vo (Ow /OV) = (v/ V) (071/Oy?) (6b) 
(Ou;/Ox) + (0v;/Oyv) (Ow ,/0z) = O (6c) 
(Equations of the second order in a and V,/V 
Uy(Ou2/OX) + 1(OU;/Ox) + t2(OU0/Ox) + 
Vo(Ou2/Ov) + v1(Om,/Ov) + v2(Ou0/Oyv) + 
W(Ou,/OZ) = (v/V) (O07u2/Oy?) (7a 
Up(Ow2/OX) + Uy(Ow)/Ox) + v9(Owe/Oy) + 
2(Ow,/Ov) + w,(Ow,/Oz) = 
1(a?/a) sin (z/a) cos (z/a) + (v/V) (O°w2/dv?) (7b) 
(Ou2/0x) + (Ov./dy) + (Ow2/dz) = 0 (7c) 


The boundary conditions are 
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for v = 0: 
uy = VU v = VU 
n=O v7, = 0 w, = V,/I 
uo = VU Vo = VU Ws = UV 

for y= 
Thy l 
, = 0 WwW, = 2a sin (2/a) 
U2 = —a- Z WwW. = 0 


Eqs. (5) and their boundary conditions are satisfied 
by the well-known Blasius solution for the flat plat. 


This solution is 


uy = / ( Na 
vo = (1/2) Vv/xV [nfo’ (n) — fo(n) Sb 
where » = yV V/vx, and the function fo satisfies the 


ordinary differential equation 


Foln)fo’’(n + 2fy’?’ () = () ( 
with the conditions that 
fo’(0) = fo(0) = O and fy'(o) = ] 


The function fp and its first two derivatives are tabulated 
in a number of publications.* ® 

In the case of an open-end cylinder, the variable, x, 
is measured from the leading edge of the cylinder. In 
the case of a body such as is illustrated in Fig. 1, the 
variable, x, is measured from the base of the nose 
if the boundary layer on the nose is removed. In case 
the boundary layer on the nose is not removed, x is 
measured from some fictitious point ahead of the nose 
This point is determined by the following consider 
ations: The length of cylinder is determined which 
has the same boundary layer.at its base that the nos¢ 
has at its base. This length of cylinder is assumed to 
replace the nose. The variable, x, is measured from 
the leading edge of the equivalent cylinder which 1s 
made up of the original cylinder plus the length of 
cylinder which represents the nose. 

The next step is the solution of Eqs. (6). Eq. (6b 
is of the same form as Eq. (5a); thus it has a solution of 


the form 
w, = C(z) + A(z) fo’(n) 


where C(s) and A(z) can be chosen so that the boundary 
conditions are satisfied. The resulting expression for 
W 1S 

w, = (V,/V) + [2a sin (2/a) — (V,/V)] fo’(n) (10 
For the special case of zero angle of attack, Eq. (1 
agrees with a result obtained by Howarth? for the 
boundary layer on an open-end rotating cylinder. — The 
solutions for 10, vo, and w, suggest that mu; and v7; may 
be of the form 


Uy = 2a(x a) film) cos (2/a) lla 
v%, = (a/a) V xv/V gp (n) cos (2/a) llb 
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where /; and go are functions of 7 only. Substituting ZJojs — U/2)feje + 2i)*° — Wahi 
Eqs. (11 into Eqs. (6a) and (6c) leads to the following (n/2) fafo!’ + ofr’ + fo” vs + 2 fo'h: f,’" (18b 
rdinary differential equations: 
es : e a where f; (0 g; (0) =f 0, and 
Z fa = Ba7 — fofi + Boffo = 2h (12a) 
fx? 4 fF Df, 19 
go! = nf’ — 2; — 2f,’ 12b) 
where f;(0) = f;’(0) = O and f;’(¢ 
ind the conditions that 
The velocity components in the boundary layer are 
oe = ee Ke) = 9 then given byt 
e Satisfied , : ‘ oe om F 
flat pl [he final step is the solution of Eqs. (7); wz can be u/V = fo'(n) + 2(ax/a) fi(n) cos (z/a) 4 
al plate ; : > - : i ini 
: found from Eq. (7b) and its values used in determining v1 ; 
. . - - rotg? . v/a sin a) + (ax/a)* X 
yw» and v from Eqs. (7a) and (7c). Writing w» in the " ” 
Sa form f3(n) + fa(n) cos (22/4 a?/2) fs‘(n) (20a 
(Sb 2 = a J J (x/a)ho (nN) COS (2/Qa) + o/V = Vv/Vx (1 2 n/ ‘(n — Joly t 
isfies the a-(x/a h,(n) sin (t/a) cos (2/a 13) (ax/a@) Zo(n) COS (2/a + @ | V,, | x 
| where jy and /, are functions of 7 only, and substituting (x/a)* gi(m) sin (2/a) + (anx/a)* | go (n 
9) | itinto Eq. (7b), it is found that 4p and /,; must satisfy 
ae i t : 23(n) cos (22/a - (a*/4) Infs’(n fs(n) |; (20b 
the ordinary differential equations: 
; ; 7 se w/ | V,/V) + [2a sin (2/a V,/V)|fo'(n) 4 
h | AGF + nfifi — gufi 73 
= | ; J | ax/a) No(n) COS (2/a t 
bad = Fo DF h l4a 
abulated a*(x a) hy(n) sin (s/a) cos (s/a 20c) 
/ 1/2) fol’ — 2nfifo’’ + 220f0'’ 4+ 
iabl Since the product (axa) appears in some of the 
iable, x, af"2 _ pe ae te : é 
; | (2fo)° -4=% (14b) terms, the solution is limited in x as well as in a. 
der. In eh a at : ; er 
i Fig. 5 presents the variation of u/V and w/V with 
g. 1, the | and the conditions that - bho. 
7 = 0, 1°;x/a = 20; and V,/1 0, 1/10 
he no ' n 10r @ ’ <e ZU: ¢ : : 
i se | _ ‘ . . ‘ 
hy (0) = h(O) = hog (P) = ky (©) = O Eqs. (20) permit the calculation of the normal force 
ll Case » ° 
et 2 ; . = and drag due to small angles of attack and spin; how 
ed, x 1s The forms of uw, v%, M4, and v4, and Eqs. (7a) and i . . 
? , : ever, these changes appear to be quite small for the 
1€ nose ic) suggest that uw. and v» are of the forms: ae fe a a * i 
? ; range of a for which Eqs. (20) are valid. 
onsider- | 
2 2 a (V,/ V) (x/a)? fe (n) sin (g/a) + 
1 which i Displacement Thickness 
the nose | 2Tf¢f 7 ] 
a x/a)* | f3(n) + fa(n) cos (22/a - . on) . - 
sed te aS Fe Eqs. (20) allow the calculation of the boundary-layer 
ad from (a?/2) fs’(n) (15a) displacement thickness. Franklin Moore’ derived an 
ss expression for the boundary-layer displacement thick 
es oe V xv/ Vj (ax/a*) (V,/V) gi(n) sin (2/a) ness on nonmoving three-dimensional surfaces. An 
| a? x/a2) [go(n) + g3(n) cos (22/a)]! — examination of his analysis indicates that his expression 
rq. (6b i is also valid for moving surfaces. For the boundary 
ee | 9 , "i ma t - . . ° 
ution of (a?/4) Viv/(Vx) [nfs’(n) — fo(n (15b layer considered here, the displacement thickness, 
| A, is determined by the equation [see Eq. (Sa) of refer 


| Substituting Eqs. (15) into Eqs. (7a) and (7c), it is 7] 
ao . r aye ence 4 
found that fe, fs, fs, fs, £1, 2, and g; must satisfy the 


following ordinary differential equations and conditions: (0/Ox) (A — 6,) + 
undary r 
— 2 fe — (n/2)fe’ + gx’ — lo = O (16a 2 a(O/Oz) sin (2/a) (A — 6 0 (21) 
ion for | - , 
i 
| 2fo'fs — (1/2)fofe’ + gifol’ — 2fr + 2fifo’ — where 
(10 (n/2)fofo’’ = fo!’ 6b , wa , ; 
i ” J sia 16 0; = ; 1 u/V(1 — a?/2 : ay 
; /7 0 
q. (10 where f2 (0) = g,(0) = fe(~) = 0, 
or the / : r\ - 917 ie 
Pes i i 9) ‘tg’ =f (1% 1 — (u/I —a*u/2] ay 
The ie: (n/2) fa’ + 8s Iva J0 
oS ere ee ee inne ae 
m4 may ye (1/2) fo fs’) + 2(fi)? — afifi + sie 
5 ‘ : 7 
1 a , Kes » 6, = 1 — |w/2a V sin (z/a) |i dy 
Zoli — (n 2) fsfo’’ — Jo Qo — 2 fo'f a J3 : (17b { t 
(lla) | ae 
where i3(Q) = £2 (QO) i fs (oo) = 0, Tt The profile functions fo, fi, fo, fz, fas fs» Zo, £1, £2, 23, ho, and hi, 
11b together with their derivatives, are tabulated in reference 9, 


j z fa = is 2) fi,’ + 23" ~ hy = (0 (18a) pp. 35-48 
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——_—____ From Eqs. (20) the quantities 6, and 6. are 
(1 — fo’) dn (2ax/a) cos (2/a) X 
f, an a(V,/V) (x/a)? sin (2/a dn 
( J 
y? (A | | f, dn + cos (22/a I, tel t 
/f /7f) ol 
a*/2 Ag ~ fo’) dng Viva | 
a J) 
1D 
|) 1 V 2a V sin (s/a)]} | (1 fo’) dn 
7“) 
1 2) (V,/V) (x/a) cot (3/a hodn 
ae 
. 
a 2?) (x/a) cos (2 a) hidn V vx V 
2 70 
\fter the indicated integrations the preceding ex 
pressions reduce to 
» 1.721 1.421 (ax/a) cos (3/a) — 
SS 
cpeenil 1.526 (a V,/V) (x/a)? sin (3/a 
06 O8 w 
a-(x a) -0.1434 + 1.667 cos (23/a + 
0.4240 a2} Vex Vo (22a 
L721 31 I’. /2a V sin (s/a)}{ + 
1.380 (V,/ V) (x/a) cot (2/a) - 
1.943 (ax/a) cos (3/a)) Vex VO (22b 
We shall assume that the displacement thickness can 
be expressed in the form 
A = Ao + A; + Ao 23) 
where Ay is the displacement thickness for zero spin and 
zero yaw, and A, and A» are the first- and second-order 
lacement 3 - Z - . 
thickness perturbations in a and /or | V. 
> X Substituting Eqs. (22) and (23) into Eq. (21) yields 
the following system of partial differential equations: 
(0/Ox) (A L211 V#x/V) =9 (24a 
0 Ox) [A; + 1.721 (ax/a) V vx V cos (3/a + 
2 a(O Os) [sin (s/a) (Ap — 1.721 V vx/I = () (24b) 
0 Ox) } As + 1.526 (a V,/V) X 
v/a)? Vvx/V sin (s/a) + (ax/a)? Vox V 
0.1434 + 1.667 cos (23/a)| — 0.4240 X 
a® Vex V} + 2a (0/02) }sin (s/a) [A, — 
1.380 (V, 1) (v/a) V vx/V cot (z/a) + 
1.943 (ax a) V vx/V cos (z/a)]}} = 0 (24e) 
pe luc _ . - 
Eq. (24a) can be integrated to yield 
Bg = 1.721 V oe/ V (25) 


S EFFECT 


S $27 


The constant of integration is since have 


neglected the boundary laver on the nose. 


Zero we 


Substituting Eq. (25) into Eq. (24b), and integrat 
ing, yields 
A; = 1.721 (ax a) V vx/ V cos (2 a 265 
Again the constant of integration is zero. 
Eq. (24c) can be integrated by using Eq. (26 It 
follows that 
A» = } —2.630 a(V, VV) (xa)? sin (2/a) 
(ax /a)? | —0.1434 + 4.245 cos (22/a + 
0.4240 a2! Vox/V (20 


Thus the boundary-laver displacement thickness is 
given by 


A = 1.721 Vox’ 1.721(ax a) Vex V 
cos (2 a 2.630 (al, | v/a)? V vx/V X 
sin (f a) — (ax a 0.1434 4 245 & 
cos (23 a)] Vex V+ 0.4240 a? V vx I 28 


Fig. 6 presents cross sections of the boundary-layer 
displacement thickness at sea level pressure for x a 
30 ft. 
Eq. (28) indicates that the boundary-layer displace 


7.0 and x/a = 15, and for V sec. and a lain 


ment thickness is not symmetrical with respect to 


when the body is spinning. The asymmetrical term 


A’ —?.630 (a V, VV) (x/a)? V vx/V sin (2/a 


will produce a Magnus effect which will be calculated in 
the next section. 
Magnus Force and Center of Pressure 


The 
thickness will produce an effective body shape which 


asymmetrical boundary-layer displacement 


bends away from the original body axis. This is illus 
trated in Fig. 7. The Magnus effects produced by the 


displacement thickness will be investigated by the 


use of slender body theory. 

The bending of the effective body shape will cause a 
cross flow in the plane of zero yaw. The velocity po 
tential for this cross flow at any station along the body 


axis is given by (in polar coordinates) 


V(OA’ Ox) |g_, 2 (a*/R) sin (2/a 


where A’ is the part of the displacement thickness which 


contributes to the Magnus effects. Thus, 


OA’/Ox|e-4/2 = 6.575 (a@ V,/V) (x/a) (V xv/ V/a 


It follows that the perturbation potential function is 


@ = —6.575 alV(x a) (V xv Va) (a?/R) sin (s/a 
(29) 

The pressure coefficient is 

i. = —(2¢, VY) — (o,- |?) — (g,* V7) — (¢,7/ V?) 


In this case the pressure is (to the first power in al’,/ V’ 
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a 
° 
z 
E 
° 
= | 
4 
B 3|— = — Equation 42 + + 
i) 
= x Experimental M=2.5 
2 + © Experimental M=1.8 — 
© Experimental M=1.3 
ss a ' aes ‘ 7 4 4 
fe) 1 
5 6 7 8 9 
Total Length In Calibers 
Fic. 8. A comparison of the center of pressure obtained from 
range firings with values calculated from Eq. (42) 
OF 19.725 (a V,/V) (V vx/V/a) (a/R) X 
sin (z/a) (30) 


Assuming a thin boundary layer, the pressure on the 
body can be found by evaluating Eq. (30) on the sur- 


» 


face of the body. On the surface of the body Eq. (30) 


reduces to 


C, = 19.725 (a/a) (V,/V) V xv/V sin (2/a) (31 
The Magnus force per unit length can be expressed as 


2 go C,a sin (2z/a) d(z/a) (° 
70 


bo 


F = 


Substituting Eq. (31) into Eq. (82) and performing the 


indicated integration yields 


F = 19.725 w g(aV,/V) V xv/V (33) 


The total Magnus force is 


Fn = | F dx = 13.152 g(aV,/V)lVlv/V_ (34 
/7 0 


Since the displacement thickness at zero yaw is 


Ao = 1.721 V xv/V 


Eq. (34) can be written as 


F,, = 7.641 t goa V, V) 1 bo* (35) 


where 6o* is the displacement thickness at the base for 
zero yaw. Eq. (35) indicates that the Magnus force is 
a linear function of the displacement thickness at the 
base for zero yaw. 

The Magnus force expressed in coefficient form is 


Kr = 6.001 (1/d) (69*/d) (36) 


or Kr = 10.33 (l/d)2/(Re)'’* (37) 
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where Ke represents the Reynolds Number at the 


base. 
The center of pressure of the Magnus force is located 


at 
("ras = 6 


The preceding equations for the Magnus force yield 


5) on 


~ = | xFdx 


¥“0 


results which are of the same order of magnitude as ob 
served experimentally. Unfortunately, the author has 
been unable to find any experimental data for thy 
Magnus force on long slender bodies at small angles 
of attack in incompressible flow with laminar boundary 
layers. . 

Since the publication of the original BRL Report 
No. 870 in 
Howard R. 


forces using the same general method developed here 


1953, extensive work has been done by 
Kelly on the determination of Magnus 
In reference 10 he obtains the above result for A for 
“thin” boundary layers (small 6/a), and he indicates 
a method for obtaining Magnus forces for thicker 
boundary layers. 


Turbulent Boundary Layers 


laminar 
that 


The 
boundary layers. 
the Magnus force for laminar boundary layers is a 


preceding analysis applies only to 


36) indicate 


Eqs. (35) and 
function of the displacement thickness at the base for 
zero yaw. We shall investigate the result of assuming 
that the expression for the Magnus force on bodies 
with turbulent boundary layers has the same form as 
Eq. (35). We have no justification for making this 
assumption other than an intuitive feeling that the 
perturbations caused by small angles of yaw and small 
rates of spin in a turbulent boundary layer may be 
similar in many respects to the perturbations in the 
laminar boundary layer considered in the preceding 
analysis. 

Based on the assumption set forth above, the Mag- 
nus force coefficient on a body with a turbulent bound 


ary layer can be expressed as 
Kr = C (1/d) (69*/d 39 


where C, is an unknown constant. The boundary- 
layer displacement thickness at the base can be ex- 
pressed approximately by 


\/ Re (40 


bo* — C2 l 


where C2 is a function of the Mach Number, the ve- 
locity profile, and the temperature distribution in the 
boundary layer. Thus, the Magnus force coefficient 


can be expressed as 


C3; [(1/d)?~/ Re +] 


K F = 


where C; is a function of the Mach Number, the ve- 
locity profile, and the temperature distribution in the 
boundary layer. 

The center of pressure of the Magnus force for turbu- 
lent boundary layers is located at 
14)/ (42 


x= (9 
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Fig. (S) presents a comparison of Eq. (42) with ex- 
perimental data obtained by the Free-Flight Aerody- 
namics Branch of the Exterior Ballistics Laboratory 
from range firings. The agreement between Eq. (42) 
wd the experimental data is quite good considering the 
manner in which Eq. (42) was obtained. In using Eq. 
42) the two caliber nose was assumed to be equivalent 


to adding one caliber to the cylinder. 


CONCLUDING REMARKS 


The preceding analysis is limited to very small angles 
of vaw, and applies to bodies with long cylindrical 
portions, such as the body illustrated in Fig. 1. Much 
work remains to be done before the Magnus effects can 
The 


present analysis could probably be easily extended to 


be predicted accurately even for slender bodies. 


the compressible case by using the equations given by 
Moore in reference 8. It also seems likely that one 
could obtain the boundary-layer solution on a body of 
rather general shape on which the axial pressure dis- 
tribution can be expanded in a power series about 
some point on the nose. Some interesting results 
would undoubtedly be obtained if the analysis were to 
be extended so as to relax the limitations on x/a, a, 
and V,/V. 

Much experimental data is needed on the Magnus 
force and moment, the boundary-layer vector pro- 
files, and the boundary-layer separation. A knowledge 
of the turbulent boundary-layer velocity vector pro- 
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files on given bodies could probably be used to cal- 
culate the displacement thickness and separation on 
other bodies of the same type by the use of momentum 


integrals. 
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Influence of Thermal Stresses 


(Continue 1 from page 420 


properties. Variational methods are suggested as a 
practical approach. 

We note that in evaluating the effect of the temper- 
ature on the torsional rigidity, it is not necessary to 
assume a parabolic distribution of the temperature 
along the chord. A refinement in the present treat- 
ment is to introduce the equivalent value of 6 giving 
the same torsional rigidity. Referring to Eqs. (14 
and (21), we may define Q; as* 

»| 
A2i=0+2 oyx? dx (35) 
0 


The stress o, is the total membrane stress across the 


thickness. 


* The influence of axial stress on torsional stiffness was pre- 
viously investigated by Wagner,? Biot,? and Goodier.‘ Simpli- 
fied expressions were also derived by Budiansky and Mayers§ 


and by Hoff.” 
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Laminar Boundary Layer on a Spinning 
at Small Angles of Attack in a 


Supersonic 


Flow 


Cone 


a’ 
R. SEDNEY* 
. oe 3 : 
Ballistic Research Laboratories, Aberdeen Proving Grouna 
SUMMAR\ é = x3/3 1c 
ss Pea? : : p = density | 
The problem of finding the laminar, compressible boundary 7 : : : 
; : o = coordinate angle around circumference of con 
layer flow over a rotating cone at small angles of attack is con- = , , bo 
; ee ’ w = angular velocity of cone about axis 
sidered. The cone angle and free-stream Mach Number are 2 = wlO/ii’ 
. . . . ee od 
such that the nonviscous flow is conical. A Prandtl Number — , oe d 
: : , . , indicates reference condition taken as conditior : 
unity and a linear viscosity-temperature relation are also as : : . 
: ea us ; on surface of cone for zero angle of attack 1a 
sumed The “exact” solution for small angle of attack and small i ee ai : 
soa Z : ; : ; () = subscript indicating free-stream value cl 
spin is obtained by a perturbation method including the first | 3 : a . 
3 ; : = subscript indicating outer edge of boundar he 
order interaction effects. For a slender cone the results are lecer 6 
used to calculate the Magnus effects due to displacement thick - a ; . . . tI 
; : indicates quantity with dimetsions, except 
ness. As yet, there are no experimental measurements which . . . p i 
: ; : : Eqs. (1) and Eqs. (6)-(19 
vield a conclusive test of the analytical results for Magnus force Ho 
given here 
eC 
INTRODUCTION 
1 
SYMBOLS -_ , : : 
p | {ue sTUDY of three-dimensional boundary-layer yas 
A, = coefficients in angle of attack expansion of non flows is becoming increasingly important. Th lay 
viscous flow class of flows for which “‘exact’’ solutions can be ob tw 
( = proportionality factor ins — [relation — tained is limited to flat plate and yawed cylinder prob ar 
C,,, C74 = dimensionless skin friction in x and @ directions ea oe “¢ ie : - . 
bbe ? lems.' However, if one considers flows for which the oe 
Oe = center of pressure of Magnus force a tem ‘ ; : ; 
CM sic ideal ele as i ines, departure from a basic two-dimensional flow is small ill 
d ax ‘diameter of cone then by application of small perturbation methods a ow 
FG = generalized stream functions much wider class of flows becomes amenable to calcu ug! 
F;;,G,;;__ = coeflicients in expansion of F and G in a and « lation.’ * It is interesting to note that the bound rj 
K,, Ji, Jz = coefficients in expression for A ; ; ; ; = : ; 
: ves bas? layer flow over a rotating body of revolution at zero sti 
Ky, Ky Magnus moment and force coefficients (ballistic : . : 
oialiitiiican angle of attack can be classed roughly between the two ( 
/ = length of cone and three-dimensional problems. For small relative I « 
L = reference length, Ca/pi spin, however, this problem is fairly easy to solve. vit 
M = Mach Number body of revolution with nonzero angle of attack which | line 
) = pressure : : . . . : : tons 
/ ; ‘en 1) 2/2) is also rotating is a rather intricate three-dimensional 101 
q = + [(4 )M?/2 . ; ‘ ae 2 : 
, ~ é > > , . . acc . va ‘ < SSI 
so deni ih aiid catia problem but one which is of basic importance in balli 
R = Reynolds Number with fluid properties at refer tics. sm 
ence condition and length indicated by sub To the author's knowledge, only one example of this Nu 
script type of flow has been considered. Martin' has solved | con 
5 = coordinate along free-stream velocity direction ° 5 ie . oss . 
. : wa the case of a semi-infinite open-ended cylinder in in or 
S = base area of cone ‘ble fl TI . ‘ } : k +] 
. ; “SS > J > mk se [Ww as he 
1 = temperature compressible flow. le main purpose of his work wa 
u,v,w = velocities along x, y, @ coordinate lines to test a hypothesis that Magnus effects on slender ber 
U = free-stream velocity bodies at small angles of attack are caused by the dis 
x = coordinate along cone generators placement effect of the boundary layer. Since the din 
y = coordinate normal to cone surface . 4: , : F tril 
a ; of e ee prediction of Magnus effects has remained rather elu rit 
a = angle of attack ° . ° ° . . : 
: Ee: sin sive, the fact that Martin obtained some meaningful g 
’ = ratio of specific heats : 
A = displacement surface results was encouraging. However, because of the hi 
” = dimensionless coordinate model chosen, experimental verification could not be IS¢ 
3) = cone half-angle conclusive. Thus, it was decided to try a similar | (M1 
6 = sin9O -.£ : : as va his 
= . . ; analysis for a more easily realizable model. Since it 1s Mt 
K = dimensionless coordinate wr/t i te ble t tak , ; ‘ ‘Dili f n 
- - “ ‘ desir: > oO ake oO ace t . Ss , or con 
d = dimensionless coordinate »/2¢!/2 € rab € " e int iccount compressibility 
P = coefficient of viscosity ballistic applications, the cone in supersonic flow seems vas 
v = wd/U to be the obvious choice for an analytical solution 1n SIG 
: ane ; ing angle of attack ; $pi fects This is, of 1S 
Niesived Atanas @, 2008. cluding angle of attack and spin effects. This is 
* Aeronautical Research Engineer, Exterior Ballistics Labora- course, because when the external flow is conical there r 
tory. is no pressure gradient along generators, and this allows | 
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Notation for spinning cone at angle of attack 
boundary-layer solution to be obtained by intro 


lucing similarity variables 

The three special cases of the above problem have 
een worked out: for zero angle of attack and zerc 
spin by Hantzsche and Wendt; for zero spin by Moore; 
nd for zero angle of attack by Illingworth.* Moore's 
ualysis is restricted to the first power in angle of at 
tack, and Illingworth considers up to cubic terms in 
the spin. If one is interested in only first-order effects 
of both angle of attack and spin, these two results can 
ye superposed, since the perturbations enter linearly. 
However, to obtain the interaction effects, which are 
analysis 
must be made. The 
basic assumption is that the solution to the boundary- 


laver equations can be expanded in power series in the 


Magnus effects, additional 


This is what has been done here. 


necessary for 


two (small) parameters angle of attack, a, and a spin 
parameter, «. The lowest order interaction term is the 
From symmetry, no Magnus effects 


Only the 


coeflicient of ak. 
can be obtained when either a@ or « 1s zero. 
order interaction term 1s calculated here; the 


lowest 


higher order interaction terms —e.g., coefficients of 


«x and ax*—would presumably give a more accurate 
estimate of Magnus effects. 

Only laminar flow is considered; compressibility 1s, 
of course, not neglected; heat conduction is allowed for 
with the assumptions of Prandtl Number unity and a 
linear viscosity-temperature relationship. In the solu 
tion to the boundary-layer problem the only other 
issumption (aside from the representation in terms of 
small perturbations) is that the external flow Mach 
Number and the cone angle are such that the flow is 
conical. When the results are applied to Magnus 
loree calculations slender-body theory is used so that 
the restrictions to small cone angles and Mach Num 
bers which are not too large are necessary. 

Aside from the interest in Magnus effects, the three 
dimensional problem considered here has some in- 
trinsic interest, so that additional results are given 
«.g., velocity profiles and skin friction. In particular, 
the following should be noted. To obtain generally 
uselul results for three-dimensional flows approximate 
Inomentum-integral) methods must be developed; 
this is especially true if the turbulent case it is to be 
considered. Reliability of these methods cannot be 
based alone on experience in two-dimensional flows 
the two 


necessary to test 


since there are fundamental differences in 


Thus exact solutions are 


Cases 
proposed approximate methods. 
rhe Magnus effects to be considered here are those 


commonly observed in ballistics. In the terminology 


of airplane dynamics the Magnus effects are a side 


force and yawing moment due to angle of attack which 
implies that the body must be spinning for nonzero 
Magnus effects. It is clear that nonviscous flow could 
not allow Magnus effects (this is discussed more fully 
in reference +); thus, one is forced to investigate the 
boundary-layer flow. 

Assume a Prandtl Number equal to one; then a linear 
viscosity-temperature relation gives the boundary-layer 
solution for no heat transfer at the surface only if the 
surface is stationary. For a spinning body this is not 
the case, as Illingworth has noted For the cone one 
finds that, exactly, the solution is for a surface tem 
perature which varies as the square of the distance 
An alternate interpretation is that 


the 


along a generator. 
the 
quadratic terms in @ and x 
error in 


surface is zero, neglecting 
(Martin Fiebig called to 


the 


heat transfer at 


the author's attention an original manu 


script concerning this point. 
MOTION 


EQUATIONS O! 


The form of the equations of motion used here is 
Moore’ > and will only be 


two-component 


from the work 


taken by 
summarized. A 
introduced to satisfy the continuity equation exactly 


Prandtl Number 


vector potential 1s 


(generalization of stream function 
unity and the viscosity temperature relation 


w/a = CT/T 


are assumed, where the bar refers to the reference 


condition taken as the nonviscous flow at zero angle 
of attack evaluated at the surface and C is a suitably 
chosen constant. Two transformations are intro 
duced; one like that of Howarth to try to remove com 
pressibility effects and another like that of Mangler 
to try to remove curvature effects. _Nondimensional 


dependent variables are used with the reference con 


dition denoted by a bar with the same meaning as 
above, and lengths are made dimensionless with the 
length L (Ca) (pe Let w and w denote (non 


dimensional) velocities along generators (x-coordi 


nate) and around the circumference (¢-coordinate 
If F and G denote the two components of the 


, or 
Fig. 1. 
vector potential mentioned above, then 


i F . “ G 


where the subscript denotes differentiation and 


1/9 
n X(p p . pay 
) 


Let © be the half-angle of the cone 


a) sin 0, é v*/ ob 


then the equations of motion are (see Ey 1? relerence 


PP. (30€) |F., + G,F,, 








$32 JOURNAL OF THE AERONAT 


— [F, + G,/(36€)]G,, + G,G,¢/(30E) + 
G,F,/(3&) = — p'(@)/(30Ep) + 
b'(¢)GG,,,/(60EP) + G,,, (1b) 


T + (F,)? + (G,)? = Ti + a)? + w,? (1c) 


? 


where ~, p, and 7 are (nondimensional) pressure, dens- 
ity, and temperature; p’(¢) is the derivative of p; and 
the subscript 1 denotes conditions at the outer edge of 
the boundary layer. The form of the variables 7 and 
comes from the Howarth and Mangler transforma- 


3 
tions. For the boundary conditions at the outer edge 
of the boundary layer (vy = 7 = ©), 

u = u, = 1 — aA, cos¢ 

w= WwW, = aAzsin d 


p/p = 1+ aA; cos ¢ ( 
pb) = 1+ aAgcos¢ 


since the flow is conical. The A; are tabulated,’ see 
reference 6 for further discussion. It is assumed that 
the rotation of the cone does not alter the external 
flow, so that the pressure is given by the expression in 
Eqs. (2). For the boundary conditions on the body 
surface (y = 7 = 0), 


u=v=0 w= wr/tt’ yr = «1h (3) 


where w is the angular velocity of the cone about its 
axis, r is the local radius, and ZL is reference length de- 
fined above. 

Since the pressure gradient is zero along the gen- 
erators of the cone, a Blasius-type similarity variable is 


introduced: 


(This differs by a factor of one half from the A used by 
Moore.) However, because of the spin of the body 
there is no longer similarity in terms of A. Thus vari- 
ation with x must be allowed, and for this it is con- 
venient to introduce a new variable x, 
‘ 9e\1/3 /-7 
k = wr/t’ = wLé (3&) ul 

Furthermore, the following forms for F/ and G are 
assumed: 

give 

F = &°* fix, A, d) 

. 1/2 + ‘ 

G = é Zk, A, od) 


For most ballistic applications the maximum value of 
x will be less than 0.5, but it is assumed here that x re- 
mains small enough so that f and g can be expanded in 
power series in x. Hence, for this analysis, both the 
length of the cone and the angular velocity are limited. 
Thus, we write 

f = fold, d) + «fil, od) +... 


g 2A, do) + xgi(rA, d) +... (4) 
T = to(A, od) + xt(A, do) + \ 


For w = O, fo and gp are the same as the f and g defined 
by Moore.’ For a = 0 all quantities are independent 
of ¢, and we obtain essentially Illingworth’s first-order 
spin effect terms;* the correspondence is 


(for = fos (go)r = (1/2)g1y 
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‘ 


where the / indicates Ilingworth’s functions would 
be identically zero for a = 0). 

The partial differential equations satisfied by thy 
coefficients of x in Eqs. (4) will not be written dow; 
In order to reduce the integration problem to on, 
amenable to numerical processes the dependence of the 
coefficients on @ is assumed as follows [the form can by 


‘ 
deduced from the appropriate boundary conditions 


and Eqs. (la) and (1b)]: 


20 = aAe sin dGon(A) +... 5 
fi = aA, sin Fy,(A) , eee \ 
7 = Gio(X) = aA» cos 6G 1,(A) 7 


jo = Fo(A) aA, cos OF (A —_ | 


Only the functions of A explicitly given in the expansions 
(5) will be obtained. If the assumed form of the soly 
tion be regarded as a power series expansion in the tw 
small parameters a and x, it is evident that only on 
second-order term is included—i.e., the product 
(interaction) term ax. The a? and «* terms could b 
included at the expense of more numerical integrations 
This may seem inconsistent, but, at least for Magnus 
effects, the second-order terms contribute nothing 
The functions of \ indicated in Eqs. (5) can be identi- | 
fied as follows: o governs the pure axial flow, F 
and Gp, the angle of attack effects, Gio the spin effect 





and F,; and G,, the interaction effects. 

As expected, Fo satisfies the Blasius equation. The 
remaining functions satisfy linear third-order ordinary 
differential equations with boundary conditions at 
A = OandA = ~. These were not the equations that 
were integrated, however, and therefore will not be 
written down for the following reason. These differ 
ential equations contain, through the A;, the two par 
ameters cone angle 0 and free-stream Mach Number 
JJ. But, since they are linear, it is an easy matter to 
rewrite the equations in a form which contains universal 
functions—i.e., independent of any parameters. Thus 
the following sequence of equations was obtained (the 
Blasius equation and that for Gj, which is related to 
Illingworth’s go, require no change but are rewritten 
in a different notation 


h,’”’ + yh, = 9” } 
h,(0) = h,’(0) = 0, hy'(o) = 2 6 
Foo = hy } 
k,’"’ + Iyky"’ — (2 3)hy'ky’ — 
— (8/3) [1 — (hy"7/4)] 7 
k,(0) = k,’(0) = 0, ky'(~) = 0 


Then Go = + q hi, q=1+ (7 — 1)M*/2 
Define 
L,(f) = , iid + hyf”’ i h,''f 
Lalite) = 6, ha(G) = %'(0) = 0 
ho'(o) = 1 f 


Ly(h3) — hy’k, = 0, h3(0) = hs'(0) = OL 
h;'(o) = 0 ; 2 





then 
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i 
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m. The al ad a ad 
ordinary } Fic. 2 Nondimensional velocity components u, w for 1J = 1.82, 6 10°, a Ee 0.1 
tions at I 
ions that | : “ = a 
— Fy = [2A2/(30A1)]hy + 2[1 — (242/30A)) Jo + L3(hs) — Reh 0 19) 
l not be [24 30A,) VI 
ue 2A» g/(30A),) hs , ‘ 
se. differ- a S/ ower) ve h(O) = h,/(0) = h,'(~) = 0, p= 4, 5,..-,9 
two par Define then 
Number | a cof aioe 
latter to Le(f) =f T ay — (4/3) Fy, = (Ao/A1) (Ag + ghs) + (2/30)? (A2/A;) (he 4 
ae 2. : ; : 1 ee 29) as 9 ) n 2 l, 
iniversal Lo(k 0, (0) = 0, B’(0) = 2, b’(~) = 0 (10) ghz) (4/30) (1 9A./30A)hsg A;/30A,)hy 
Thus ; ; ; 
1 (th then Gu =k Eqs. (6)-(19) were integrated numerically on the 
ned (the oo ae ra oe ; ae 
lated ORDVAC and are tabulated in BRL Report No. 99] 
ated to ie » ; . ; 
=o Also, [he functions were obtained to an accuracy of at 
ewritten ~ eer ee oe oes hae 
Lo(Rs) + ke” ho — (4/3)Ro’ ho’ = 0 (11) least five significant figures. More accuracy was 
needed in the first few equations because of accumula- 
1 
, ” renee and ; . . i 
L2(ks) + Re'’(hts — Ri) + ke’ [ky — (4/3)h3'] = 0 (12) tion of errors. Eqs. (7), (8), and (9) are essentially 
6 Lo(k - (1/3)Iy’ ke’ = 0 (13) the same as those integrated by Moore® (the numerical 
results agreed except that for the larger values of A 
g I 
k(O) = k;'(0) = k,'(~) = 0, t= 4,4,9 the agreement was only in the second or third signifi 
| ; Pets cant figure). Eq. (10) is essentially the same as one 
7 \! of Illingworth’s (results agree to as many places as 
G 2/(38)] , [2(36A1/2A2) — 1]ks + gks + Rs} given). The remaining equations give the interaction 
2/2 Define effects. 
Lf =. GORPe hy f’’ = %9 3)hy,’ f’ + (5/3) hy} RESULTS 
L2(hs) + (4/3)ko’hy’ = O (14) After numerical integration of the sequence of ordi 
nae ? nary differential equations it is possible to compute a 
(9 L3(hs) + (4/3) Ro’ky’ = O (15) : ; ca ae 
: number of quantities of interest. 
L3(he) — hy'ko’ + hy’’ks = O (16) ; : 
Ng (a) Velocity Profiles 
> Ls(hz) — ke'hs’ + hy'’k, = O (17) 7 ; ; 
The nondimensional velocity components u and « 
L3(hs) — ko'ho’ + h,’’k; = 0 (18) are obtained from 
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ul F, 1/2)fy, we G, = (1/2)g) _ 

and making use of Eqs. (4) and (5). For given free ot ae 
stream Mach Number, .J/, and cone angle, 0, the ve — 8 
locities are functions of a, x, A, and @. In Fig. 2, “1 and 7 

9 a Pe 

w are plotted for the case JJ = 1.82, 0 io”, es 5 8 wn 

; ; ; : ve 
aan 0.1 as functions of \ for @ = —7/2, 0, wr 2, Che . . 
m|s 
and T. oe od ail 
lS 6 - 
As expected, there is a reversal in the w component sin a 5 

- . . . oe |@ ee —— t 
for @ < O—1.e., where the rotational velocity opposes ” sistant mm 
the direction of the flow outside the boundary layer. { _ 

y ia} . aa 
For the values of parameters chosen the « component 
does not change drastically around the circumference. , 
There is no indication of separation type profiles. . 

, . =) 
Note that it has not been necessary to compute the . 
temperature variations. However this would have a 
to be done if the velocity profiles were derived as func 0 
tions of the physical coordinate y. . a” ’ 


ee we Fic. 4. Contribution of interaction term to circumferential ski 
(b) Skin Friction friction. ¢ ite 


The two components of skin friction, expressed in 


dimensionless form, are 





Cre (R,[3 “ 
Ci. 2[u/Ou’ Ov’ ly . 9 pu’ 
yar ‘ ‘“ 

Cy 2[u’Ow’ Ov’ |, - 9 pu”? : ie 

: ' ; : : PP aie Te 
where the prime indicates that a quantity has dimen- - 190 -90 j 90 \. Xo 
sions. To the same order of approximation that has * 4 Weis 
been carried throughout, the following expressions are Se SS Eee 


obtained: \ Mig f asta FIG 
2C; (3C RK)!" [Fw’’(0) at A Fy’(0) — . ae : 
| (20) i of t 


(1/2)A3Fw’’(0)! cos @ + xaA,Fi'(0) sin ¢| 














3 
™ = : eas ae ; : , cu 
oe. = Otay [kKGyw’ (0) + aAsGy,"’(0) sin @ + Fic. 5. Variation of Cyg( R-/3¢ around circumference for 
: . <a : a M = 1.82 and @ = 10 RIVE 
Ka) AsGyo (O) 2 — AsGy (0) { cos @|] (21) pre 
where R, = x'p’u' gf’. The terms in Eqs. (20) and interaction terms (ax) are cus 
(21) which are independent of or linear in @ and « can ee ; aiei spl 
. - - f ° : on ol, (R, 3C) ~  OxO@ sin QoQ = AF (Q)/2 
be obtained from references 6 and 3, respectively. The Repl sie i ; ‘ 
A,[0.6145 + 0.25227 + (2°30)? (0.3592 4 (c) 
—— 0.1325T—')] — (230) [0.5109 A, + 0.2395 .A;] (22 
és 0°C,,(R; 3C)/* /Oxda cos 70) din 
[A;Gy’"(0) — 2A.Gu""(0)]/4 = 0.4896A, - sol 
reais — B=10° 0.4898A; — (42/30) [1.4496 + O0.5868T-'] (23 For 
10 
Fa) = - ? . nes 
where 7 = (y — 1)\M?*/2. The right-hand sides of 
Eqs. (22) and (25) are plotted in Figs. 3 and 4, respec Ols 
5 ® tively, for cone angles of 10°, 12.5°, and 15°. Accord ante 
m . : 9 . . . . . 
>) e ing to the expression (20) for C,,, the effect of the 
ele a 25° - , iv ' - skin fricti 
is ax term, tor negative ¢, 1s to reduce the skin friction | 
rim 66 ‘nite Aa ‘ : : : 
J} his reduction is a maximum at @ = —7/2. How 
sas, : ever, for reasonably small values of a and « the reduc 
. “ tion is not enough to indicate component separation 
For example, to reduce C,;, to zero for 0 = 10° at 
@ = —7 2 it would be necessary to have ax = (0.06. I 
. : = nt 
. For such values of a and «x the higher order terms would hi 
ee “ — : thi 
no longer be negligible. Since this is a three-dimen- 
sional flow it is by no means clear that component 
separation is pertinent to the general question of , 
‘ the 
e ' 2 ™ 3 ° S separation. 
- = a. — servvi/2 = . 
' In Fig. 5 a sketch of C,,(R, 3C)°~ is presented for R, 


Fic. 3. Contribution of interaction term to meridional skin ; a : Se 
friction, C JJ = 1.82 and 0 = 10°. It is seen that the variation 
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M 
ai Fic. 6. Contribution of interaction term to displacement thick 
ness A 
of the skin friction is affected significantly by the inter- 
action terms. However, the integrated value, which 
nee for ° ° , . . 
gives the spin reducing torque, is unaffected in the 
present approximation. (See reference 3 for a dis- 
cussion of the effect of the second-order term in the 
spin on this torque. 
(c) Displacement Thickness 
»») 
it To find the displacement thickness for a_three- 
dimensional boundary-layer flow it is necessary to 
solve a first-order partial differential equation. 
(23 For the cone problem, if A is the displacement thick- 
: ness, 
les ol 
spec Olpitix(A — 6,)] Ov + Olpiwi(A — 6,)]/00¢ Q (24 
cord 
: where 
| the 
tion. ‘ : 
0, = L {] — (pill) pylt,) dy 
low- /70 
duc- ’ ] 5 r ; 
° 0 4 | a ( re) ro, ) av 
tion. : Pwr pyr) . 
al L= Ci pu 
).06. 
sorati ry ») ‘ ‘ ‘4 ‘ < aCe > 
nei Integrating Eq. (24) and introducing a displacement 
sais thickness Reynolds Number 
rom R, = pu’ A/i’ 
| Ol 
the following is obtained: 
7 oFIL- . 9\1/2 ox 
10F Ry, = 2C[K, + aJ; cos ¢ — axJ2 sin ¢] (x/3) (25) 
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where A,, J;, and J» are functions of free-stream Mach 


Number and cone angle. From references 10 and 6, 
J, and K, can be obtained and 


Jo = Ky + Ks + (Ko/50 


where 
Ky = (2/30) [A,(0.4142 — 0.5198T 
A; (0.2158 + 0.2771T—')] + A» [0.4106 
0.63967 —' + 0.16977 —-2 + (2/36)2 (0.3186 4 


0.52477 ' + 0.1495T 
K; = A.T—' (0.6692 + 0.2493T 
Ky = Ae (2/36) (0.9207 + 0.3289T 
0.65464 , 0.653SA 


»- 


The ax term in Eq. (25) makes the displacement 
thickness unsymmetrical with respect to the plane 
of yaw and is indicative of Magnus effects For these 
effects, which will be considered in the next section, 
it is convenient to have J, lL’ “@ which is plotted in Fig 
6 where Ll’ is the free-stream velocity rhis velocity 
ratio 1s introduced because the dimensionless force and 
moment coefficients are conventionally based on free 
stream velocity. In Fig. 7 the variation of A around 
the circumference is shown for .\/ 1.82, 0 10 

The effect of the spin on displacement thickness is to 
rotate it in the direction of the spin. For the values 
of a and « of Fig. 7 the maximum and minimum are 


rotated through 15° from the plane of vaw 


MAGNUS EFFECTS 


The concept that the unsymmetrical displacement 
thickness on a rotating body at angle of attack causes 
Magnus effects was used by Martin‘ for the case of a 
semi-infinite cylinder. Basically the same idea will be 
used here. The potential flow over the distorted 
body—i.e., body plus displacement thickness—is cal 
culated by means of slender-body theory. Thus, we 
now assume that the cone angle is small. The dis 
placement thickness as given by Eq. (25) is measured 
normal to the body surface, but for the approxima 
tion of slender-body theory this thickness can be added 
to the cross section of the body normal to its axis. 
Then the cross section of the body can be expressed 


in polar coordinates as 
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Fic. 7. Variation of (Ra/2C)(x/3)'/: around circumference for 


M = 1.82 and 6 = 10° 
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at+bcos@¢+csin@ (26) 


chi = 


where 


9 


a = (x'@/l) + 2K\(Cx’/3R))'”" 
b = 2a J,(Cx’/3R,1)'\”” 
c = —2a J2(x'/I) (Cx'/3R,))* 


Q = wl/i’ 


with / the length of the cone, R; the Reynolds Number 
based on / and the surface quantities at zero angle of 
attack, and the prime indicates a quantity with dimen- 
sions. To the first order in a the expression (26) for 
the cross section is a circle of radius a and center (0, c). 

The details of the slender-body calculation need not 
be given since Ward!’ has presented all the necessary 
formulas for the cross force and moments. Ward uses, 
instead of the axis of the body, the s-axis parallel to the 
direction of the free stream. With respect to the s-axis 
the center of the circle (26) is (b*, c) where 


b* =b+as 


and for the approximation made here x = s. Then 


the complex transverse force, F, is given by 


QF poU?S = —2(db* ds + tdc/ds), 1 (27) 


where S is the base area and pp the free-stream density. 
The real and imaginary parts give the lift and cross 


force, respectively. The negative sign in Eq. (27) re- 
sults from the choice of axes in the cross section. Thus 


the displacement thickness causes a decrease in the lift 
coefficient from the value 2a by an amount 


2-aJ\(C/3R)'” 


(J; is negative). The Magnus force coefficient (in 


aerodynamic notation) is 


Im [2F/pl2S] = 6aJ.2(C/3R,)/” (28) 


The ratio of the Magnus force to lift force due to dis- 
placement thickness is 


3Q 


Jo/ J; 


which for 0 = 10° is of the order of magnitude 10Q 
which is less than one for the small spin contemplated 
here. Sucha small Magnus force would be difficult to 
measure. 

The center of pressure of the Magnus force is found to 


be 


>] 
= | s!/*[s0 + 2Ki(Cs/3R,)'"]? X 
ds/[@ + 2K,(C/3R,)/?}2 


in units of the length of the cone. To within a few 
per cent at most this result shows that the center of 
pressure is independent of Mach Number and Reynolds 


Number and is given by 


In ballistic notation the Magnus force and moment 
coefficients, Ky and Ky, respectively, are found to be 


AERONAUTICAL 








SCIENCES—JUNE, 1957 








l| 


(2/8) (JoU/a#’) (3C/R,)'** 
—(C.P.; — C.M.)K; 


Kr 
Kr = 


= F/pU*d?va 
T/ pol? va = 


wil [ Cr. 


where d is the diameter of the base, v 









is the center of pressure, and C..\/. is the center of mags | 


both measured in calibers (diameters). The moment 
is taken about the center of mass. In Fig. 6, JU 
is plotted. 

As yet there appear to be no experimental measur 
ments which provide a conclusive test of these analyti 
cal results. There is some work in progress at th 
Ballistic Research 
such a test. 


Laboratories which may 
Some measurements have been reported 
giving only the Magnus moment on a slender cone 
However, the boundary layer was definitely turbulent 
over most of the cone. Moreover, it is felt that the 
predicted moment will be more in error than the fore 
When the above result for A; was compared with the 
results of reference 13 it was found to disagree con 
siderably, but in view of the above statements this is 
not regarded as conclusive. 

Finally the contribution to the Magnus force of the 
meridional skin friction will be discussed. This was 
done for Martin’s cylinder problem by Kelly'* wh 
found that skin friction contributed a negative Magnus 
force about 7 per cent of displacement thickness con 
tribution. Integrating Eq. (21) it is found that for the 
cone the ax term gives a negative Magnus force which 
for 8 = 10° 1s about 20 per cent of that due to dis 
placement thickness. 

Martin‘ has attempted to extend his analysis of the 
laminar flow over a cylinder to the turbulent case by 
assuming that the Magnus force coefficient depends on 
the product of displacement thickness at the base for 
zero angle of attack and the length of the cylinder as 
in the laminar case. Aside from the fact that an em- 
pirical constant is left to be determined, it is not clear 
that the above assumption is valid. Thus the impor- 
tant matter of treating the turbulent boundary layer 
remains to be solved as well as the extension to mort 
general bodies. This will necessitate the development 
of approximate methods for three-dimensional bound- 
ary-layer flows. 
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Fic. 1 Buckling of ring stiffened shell in Mode A (panel 
buckling). 
buckling) and illustrated by the dashed deflections 


in Fig. 1, the panels of length ZL behave as isotropic 


that are rotationally elastically 


Each panel can be considered 


cylindrical shells 
restrained by the rings. 
as symmetrically elastically restrained if the rings at 
the ends have a rotational spring constant that is 
half the spring constant of the intermediate rings. 
If the ends act as a simple support, the end panels 
can be made 20 per cent shorter than the intermediate 
ones, in order to have the same critical stress as the 
latter. This mode involves the determination of the 
critical stress of symmetrically elastically rotationally 
restrained shells and the calculation of the rotational 
spring constants of various types of rings, as carried 
out in the next two sections. 

The other mode, Mode B, is that from buckling due 
where both shell 
The buckling stress for this 


to general instability, rings and 
buckle [see Fig. 2(a) ]. 
mode can be calculated by the method of split rigidities, 
by splitting the actual mode into Cases 1 and 2, as 
sketched in Fig. 2(b) and 2(c). It should be noted 
that here the deflecting forces caused by the buckling 
of the rings in all panels for equal ordinates y or ¢ 
|see Fig. 2(a)| have the same direction, so that the 
buckles of the shell between the rings are as shown in 
Fig. 2(c), the interior panels behaving as fully clamped. 

In Case 1, the shell is assumed to be infinitely rigid 
against a deformation according to Case 2, so that it 
buckles as a shell of length L, [see Fig. 2(b) |], together 
with the rings. This has the same effect as assuming 
that, in Case 1, the rigidity of the rings is distributed 
continuously along the length of the shell, so that 
buckling between the rings, as in Case 2, does not 
occur. On the other hand, in Case 2, the structure i; 
assumed to be infinitely rigid against a deformation 
according to Case 1, so that only buckling between 
infinitely rigid rings can occur. After determining the 
critical stresses or the critical 
for Cases 1 and 2, respectively, the actual critical 
pressure for Mode B is calculated by the method of 
split rigidities. It that, practically, the 
critical pressure for Mode B can be assumed to be 


pressures p; and pb», 


appears 


equal to py. 

Also, reduction factors for plasticity and crookedness 
are discussed. An example of calculation is used for 
comparing theoretical and experimental results. With 
the exception of these discussions on plasticity and 
eccentricity, this paper is essentially a summary of 


reference 1. 
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BUCKLING IN MopE A, PANEL BUCKLING 


Critical Stress of Symmetrically Rotationally Restraing; 
Shell Panels 
As shown in references | and 2, for shells where th 
ratio of the half wave lengths of buckles in the axja) 
and circumferential directions is sufficiently grea 
(more than about 4), the differential equation for 


strip, running in the Y-direction (see Fig. 3) is 


( 7 1) 4w 


Nd*w ‘dx' 


where NV is the flexural rigidity of the shell wall ang 
is the length of the simply supported shell that buckles 
at the same critical pressure as the elastically restrained 
shell. Mode A, as stated in th 
Introduction, the panels can be considered as sym 
Hence, the general solution of 


For buckling in 


metrically restrained. 
Eq. (1) is reduced to 


w = A cosh (rx /) + B cos (2x /1) 2 


The boundary conditions are (see Fig. 3 


w 0 5 
for x C 
—dw dx M,-/B 
where § is the spring constant due to the rotational 


restraint of the rings. From reference 3 


M, = —Nj(0°w Ox?) + v[(w/a?) + (0°w /dy?) || 5 


so that from Eq. (4), at x C. 


dw dx —(N/B)(d*w dx?) (j 


Inserting Eq. (2) into the boundary conditions 
and (6) at x = ¢ leads to two linear homogeneous 
equations, which for deflections different from zero 
are satisfied if the determinant of the system is zero, 
giving the buckling condition 

tanh (mc //) + tan (mce/l) + 2nN (Bl) = 0 7 
from which the length / of the simply supported shell 


with the same critical pressure can be calculated. 


From references 2 and 4, the critical pressure is then 
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Fic. 2. Buckling in Mode B (general instability); splitting of 


buckling deflection into Cases 1 and 2. 
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0.92 L(t a 

0.056 
4 wav similar to that shown in reference 2, this 
nethod of calculation was checked by using Donnell’s 
») 


equation,’ with oa, (1/2)¢e,, 


Vw + (£t/a*)(O4w/Ox*) + 
ta ,V *[(O7w/Ov?) + (1/2)(O-w Ox*) | 0) q 


t 


nd assuming 
1 (COS NY A) LW,,U, (10 


where u,, are the normal functions 


cosh a,x /cosh a@,C) + (COS @»,X, COS a,c) (11 


\Vith the same boundary conditions as expressed by 
one now obtains the buckling condition 


Eys. (3) and (6), 

tanh a,c + tan a@,C + pam 0 (12 
where p 2N/(Bc) (13) 
[his condition is identical to Eq. (7), if a, w/l. 


ta Nia + (6n4a;4/a*) + (n/a? 
p = ’ ‘ . 
; a (n7/a)(2a;* + n*/a*) 
From Eq. (15), by integration, for m = 1, 
yuan 
\ fe sech* a,c — sec” 
ky = e 
uy-dx 
where a; is determined by Eq. (12). 
With ¢ 0:15 in.,. 2 30(10)® psi, and vy = 0.5, 
\ Ee/{120 so? 9270 Ib.in. If, further, 
23 im., ¢ 25in., L = 501m. and 6 $10 Ib.in. /in., 
Eq. (7) yields / 13.5 in. 0.87 L, so that from 
Eq. (8) p 15.8 psi, against 39.6 psi for a simply 


L = 50 in. On the other 
hand, from Eq. (13), p 1.806, so that Eq. (12) 
1.81 and a; 0.0724. Then Eq. (17) 
—0.758. From Eq. (16), using only the 


supported shell, with / 


gives aye 
vields k 1 
major terms in numerator and denominator, as was 
done in reference 2, it follows by differentiation that 
the number of lobes in 
and 8. 
15.8 and 


for a minimum value of /p.,, 
the circumferential direction is between 7 
With these values of m, Eq. (16) yields p 

17.0 psi, respectively, confirming the accuracy of the 
simple method based on Eqs. (7) and (8). As shown 
and 2, a fully clamped shell, 
0.665 L. 


It was stated in the beginning of this section that 


earlier in references 1 


where @ is infinite, has an effective length / 


the condition for the applicability of Eq. (7) is that the 
the circumferential 


half wave lengths is more than about 4. 


ratio between longitudinal and 


This makes 
Eq. (7) sufficiently accurate for steel shells with 
external pressures of 15 to 150 psi if / a is more than 

to 2, 


|) to 150 psi if / a is more than 1.5 to 3, respectively, 


respectively, and for aluminum shells under 
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Fic. 3 Buckling of elastically restrained shell panel 


The functions u,, are orthogonal. Further, 0*u,, Ox‘ 
Am Um ANd O74», / OX? Qn», Where 
Uy, cosh a,x cosh a,¢ (COS @,¥ COS A,» (14 
and can be developed in a series of w 

Ss Rimlty + Romtte + Rams 4 lS 


Since the solution converges rapidly, it is sufficient to 


use only the first terms in Eqs. (10) and (15 Insert 
ing Eq. (10) into Eq. (9), one thus obtains 
— 4(n°a;?/a?)(a,? + nt/a*)ky,| + Htay/a 
: : =r 16 
— (1/2)a;*(a;* + 5n4 a‘)ky,/a 
a,c + (tanh ajc — tan ay;c), (ay 
17 
sech” a,c + sec? ayc + p 


as shown in reference 1 by comparison of its results 
for fully clamped shells with graphs in reference 7. 
On the other hand, for very short shells, say for 
a 0.1, the pre-existing bending moments from the 
external pressure, which are not taken into account in 
the usual computation of the critical pressure, will 
begin to play a role. for such shells the 
half wave lengths \ of the buckling Jobes in the circum 


Moreover, 


ferential direction will be so small, as compared to 
the shell radius, that unavoidable eccentricities may 
lobes to 


that the 


reduce the actual initial curvature in some 


zero. However, tests seem to indicate 
number of circumferential half waves is in good agree 
ment with that from classical theory.‘ This is in 
agreement with the influence of eccentricity on the 
buckling of flat plates, where it decreases the critical 
stress, but practicaily does not affect the half wave 
length of buckling.* 

Furthermore, for small ratios La, the effect ol 
clamping will be increased, because in that case the 
actual the shell the 
rings will be more relieved by the restraining action 
of the rings than in the case of simply supported edges. 
It should be noted that this favorable effect, which 


becomes important for smaller ratios L a, is not taken 


tangential stresses in close to 


into account in calculating the critical stresses for 
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amy so that 
i 
(M,, + Od d¢) dr (Per)» (ta, a (1 + e€ ((1/2) + &]f (a2N 
. dr From the preceding, € is determined by the optimun| 
s? > > - ‘ « yp I 
SHELL” |rd ; :  ——n 
d¢? number of lobes from small deflection theory. Fron 
; -— My dr reference 9, the critical pressure for simply supporte 
r . , . ee M ‘ . 
a b pe cylindrical shells |Eq. (287) of reference 10] reduces t 
1/2b—>! | p = G}(1 + He) /[@ — (1/2) ]@*} 2 
| 
w | 
Pp where 
r LP a a 

w G Etl?/x°*a®; H w*a*t*/12(1 pit: @ + ¢ 

- at+l/2b ™ 7 - 
P= ans lo make p a minimum, ® has to satisfy the equation 

“ (3b — 1)/64(o — ] H 
In order to obtain an explicit expression for ®, it may 
be observed that, since ® 1, approximately 
® = (3/H)"* 2 
Fic. 4. Element of flat stiffening ring . i. i . 
“— , — ne Inserting this into Eq. (24), one gets 


any kind of boundary conditions. Nevertheless, the 
fact of the greater relief of stress for clamped edges 
will tend to decrease the pertinent effective length 1, 
thus counteracting the relative smaller effect of clamp- 
ing for shorter shells as shown in Tables Al and A2 
of reference 1. 

Consequently, for very short shells it seems to be 
appropriate to neglect the curvature and to take 
account of the critical pressure (.;), due to bending 
rigidity alone, but to calculate (,,), for a number of 
lobes according to classical shell theory, as determined 
by the effective length / from Eq. (7). Denoting p,, 
from Eqs. (7) and (8) as (-,)s, (from shell theory), 
one then may assume the actual critical pressure /,, 
to increase linearly from (f,;), to (Per)s, for ratios l/a 
varying from zero to (//a)., where from the foregoing 


for steel shells 


(L/a), 1 + [(Per)sn — 15]/135 (18) 
and for aluminum shells 
(l/a). ot [(Der) sn — 15]/90 (19) 


By neglecting the curvature of the shell (f,,)) takes 
account of the limited applicability of small deflection 
theory. Taking account of the bending rigidity alone, 
the differential equation of the shell reduces to 


N[(O*w/Ox*) + 2(04w/Ox*dy”) + (O4w/ Oy) | + 


to,[(1/2)(0°w/Ox?) + (0°w/dy?)| = 0 (20) 
Considering a shell with effective length /, with 
w = Wo cos (rx/l) cos (ry/X) (21) 
Eq. (20) yields 
oy = {(1 + &)?/[(1/2) + &)} (9?N/1%) 
where 
e? = [?/r? = (nl?) /(9’a*) (22) 


0.92(t/a)?E 
(Der) sn 2 oi 


(1/a)(a/t)! — (0.655 


which is practically identical to Eq. (8), although the 


approximations involved in the derivations differ 
From Eqs. (22), (25), and (26), 
) 27 9\ 11/4 1/2 
é , (36(1 — v?)] mr} (l/(at)’’“] — 1 28 
n (ra /1)} 0.763 [1 (at)' " 1}? ; 29 
Using Eq. (28) in Eq. (23) gives 
0.69(t/a)*E 
(Per) = ae (30 
(1/a)(a/t)'”* — 0.655 
or exactly 75 per cent of Eq. (27). Hence, from the 


foregoing, if //a < (l/a)., 

Per = [0.75 + 0.25(1/a) /(L/a) 6] (Per) sr (31 
where (f¢,)s, iS given by Eq. (27), and (//a), by Eqs 
(18) or (19). 


Spring Constants of Stiffening Rings 

Flat Ring—-li the shell buckles in Mode A (Fig. 1 
it will exert moments upon the stiffening rings that 
vary sinusoidally in the direction. 
For a flat ring (Fig. 4), the influence of the curvature 


circumferential 


1/r upon the spring constant is small, so that first a 
straight flange is considered and the influence of the 
The 


spring constant of a simply supported flange under 


curvature is subsequently taken into account. 


compression and subjected to a sinusoidally varying 
moment at its supported edge may be calculated 
directly from Eq. (56) of reference 11, where ¥, = 
6./(EID) is the angle rotation per unit moment and 
in the elastic range EID reduces to the flexural rigidity 
N, of the flange. Hence, the spring constant of the 
flange is By = 1/y. = N,/0,, where @, is given by Eq. 
(56) of reference 11. This same spring constant can 
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— . III ; 

he read from the tables of reference 12, where S is 

calculated from the same formula and is given as a 

function of the compressive stress in the flange and the 
HI ‘ 

half wave length A. S refers to a quarter 


radian, the spring constant is 


Since 


HI 2% 
B, = 4s" (32 
In order to take account of the curvature of the flange 
ring), it is observed that its stiffness is 
mainly dependent on its torsional rigidity and its 
Let the deflection of the ring be 


rotational 


compressive stress. 
Fig. 4 
COs 1¢ (33 


w Cir —a 


so that the torsional moment .\/,, (Fig. 4) is 


r)(O-w Ordg) — 
—N,(1 


M V.1 — »)[Q 


l/r Ww Ov) | — vp)Cla’ r*)nsinnge (34 


The total restraining moment exerted by the torsional 


moments upon a ring per unit length at 7 a is 
bd 4 
V —(la (OM,,/O¢)dr 
Ni1 — v)C(b ga)n* cosng (385 
where 0 g — a. On the other hand, for a straight 
flange, where r — a —z, and rdg = y, with a de 
flection 
w — Cz cos (ry (36) 
one obtains for the same restraining moment 
7 
W)y (O.M,;/Oy)dz 
71) 
N,(1 — ») | (O*w  Ov"0s)dz 
N1 — v)Cb(2r?/d?) cos (rw A)y (37) 


From comparison of Eqs. (35) and (37), since for a 
straight flange wa, and y/a are equivalent to m and 
¢ for a ring—-the restraining moment (\/),, for a ring, 
is (ag) times (VU Similarly, 
it is easily shown! that the moment exerted about the 


, for a straight flange. 


a by the deflecting forces t’a,0°w r°0¢" due 
to the compressive stresses a, in the ring is (a g) times 


Hence, the spring constant 


line 7 


that for a straight flange. 
3, from Eq. (32) for a ring is reduced to 
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Splitting of loading of cross section of stiffening ring 
into two cases 





EXTERNAL 


RE 441 

















PRESSUR 
h 
y H +-V/2 
q cad 
“$y, 
a Vv ca H/2 
b H/2 I 
b i] ly 
, 4 
/ -_ 
4 4. 

















q 
Loading and distortion of cross section of stiff« ning ring 
with bex section 


B, (a g)By [4a (a + b ae 3S 
Further, the radial cross sections of the ring element 
shown in Fig. 4 are subjected to bending moments 


, \l dr, where 


M, —N,[(1/r)(Ow/Or) 4 


(1/7r*)(O"w Og") + v(O-w Or 
Since these cross sections embrace an angle dy, these 


moments combine to a_ restraining moment 


7 ( | Mar) De 


about its intersection 


preventing the rotation w of the 


element with the shell, where 


from Eq. (33) w C cos ng. Inserting Eq. (33) into 
the above equation for .J/,, this Jeads to an extra 
restraint 
8B, = —(1/aw) M dr —(.N,/a))(n?— 1) X 

In [((a + 6) /a] — n*[b/(a + b (39 
The other additional restraint is caused by the fact 


that after tilting over an angle w the forces ?, exerted 
by the shell upon the ring form a restoring couple 
with the resultant in the radial direction of the tangen 
tial forces in the ring (see Fig. 4 Assuming the 
tangential stresses in the ring to be constant, this 
restoring moment is J/, = P wb 2 giving an extra 
spring constant 


8 M,/w P,b/2 (40 


o 
Actually, from Eq. (202) of reference 13, the tangential 
forces in a ring under internal pressure vary with r. 
This can be taken into account! but, since 6, is small 
as compared to §,, it appears that Eq. (40) is sufficiently 
accurate. P, in Eq. (40) can be calculated from Eq. 
(247) of reference 14. Hence, the spring constant 
for a flat ring is 


Be = By +8, + 8B, (41 


where 8,, 8, and 8, are given by Eqs. (38), (39), and 


(40). 
Ring with Box Section—-The buckling shell will 
exert moments on the ring, that consist of sinusoidally 


varying loads q [Figs. 5(a) and 6(a)]. Assuming in 
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the following discussion the shell axis to be vertical, 
these loads may be thought to be composed of (1) 
pure torsional moments, formed by the loads gq in 
combination with vertical forces p [Fig. 5(b)|, and 
(2) superimposed vertical loads p of opposite sign 
The latter will distort the cross section 
This distortion will substantially decrease 


[Fig. 5(c) J. 
of the ring. 
its spring constant. 

First, a straight beam is considered, of which the 
cross section is a rectangular tube with wall thickness 
t’. The forces [Fig. 6(a) | 


q qo COS (9ry/X) (42) 


will cause a distortion of the tube [Fig. 6(b)|]. With 
an angle of distortion y, extra loads V and // are 
transferred to the walls. Equilibrium requires [Fig. 


6(b) | 
V (b/h)H (43) 


From Fig. 6(b), assuming no rotation of the top left 
corner, 

gy, = (V/2)(h/2)*/3N,(hk/2) = Vh?/24N, 

(44) 

go = (H/2)(b/2)*/3N,(b/2) = Hb?/24N, 
where VN, is the flexural rigidity of the walls of the tube. 
From Eqs. (43) and (44) and from Fig. 6(b), the total 
angular distortion is 


Y = on + o = Hb(b + h)/24N, 
or, using Eq. (43), 
H = ky/b; V = kwb/h (45) 
where k = 24N,/(b + h) (46) 
From Fig. 6 and Eqs. (45), this causes total loads 
(Fig. 7) 
Yi, q — ky/b; go = —kyp/h (47) 


These loads cause deflections of the tube walls in their 
bending and shear. First bending is 
If only the loads g, would be present, they 


plane from 
considered. 
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would cause tensile and compressive stresses o in t} 
corners of the tube as indicated in Fig. S(a) by posit; 
and negative signs. The vertical walls will trans, 
shear forces S to the horizontal walls, as indicated ; 
Fig. S(b), for the upper web. This will cause momen; 
Sh in the horizontal webs and edge stresses. 

o OSh (th? 6S ‘(t’h) 
Hence, the stresses and strains caused by the fore 
Sin the horizontal walls are the same as in a centrical] 
loaded plate of width 4 6, so that the deflection of t} 
vertical walls will be the same as that of beams wit 
a cross section as shown in Fig. S(c), with a momer 
of inertia 
I, = (1/12)t’b* + (1/2) [(1 /6)t’h |b? 

(1/12)b2(b + Ajt’ 


Similarly, the horizontal webs in Fig. 8 have a momer 
of inertia 


 F (1 12)h?(6 + h)t’ i 


From Fig. S(a), the loads g, cause stresses o and strait 
€ o FE of equal absolute value in all corners. Hence 
the specific angle rotations of the horizontal an 
vertical walls are 2e / and 2e 5, respectively. Cons 
quently, the angle rotations of the horizontal wall 
are (b/h) times those of the vertical walls, and th 
same ratio holds for the bending deflections @,), an 
w,, of horizontal and vertical walls, respectively (Fig 
9). These deflections cause rotations of the wel 
out of their planes of 


Cnn = 2Wrp h; Cop 2D» __ Wp» Car d 


A similar distortion occurs in a truss bridge with upper 
and lower lateral bracing if only one of the main trusses 


is loaded.” The total angle of distortion is (Fig. 9 


470»), h a 


Wo» . Lnh + Yo = 


where w,, is the bending deflection of a beam with 
moment of inertia 7, from Eq. (49) from a load 
Hence, 


IV . ” 
Whyp = & (EI,) eo 


where primes indicate differentiation with respect t 
y (in the present case, 4 times). Similarly, the loads 


q, in Fig. 7 cause an angle of distortion 
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Fic. ¥ Deflections of webs of box section 


Wne $w,,, b (54) 


where w,, is the bending deflection of a beam with a 


moment of inertia J, from Eq. (50) from a load q, 


so that 
Vv — 
pp! Yd) (/J,) (909) 
The bending deflections from the loads g, and qy 
cause a total angle of distortion 
vr Vow 7 Wan + | (ep, h) tT (Wrap b) | (56) 
From Eqs. (53) and (55) 
) IN IV 
v 4 [ (cer! ° h) T (Wap b) | = 
Han (Elk) + qn (EInb)| (57) 


Deformation by shear can be assumed to cause angle 


rotations in the plane of a vertical wall of 


C'p. = , 7G 5 (bt’G) (58) 


where the second subscript s refers to shear and S is 


the transverse shear from the loads q, (Fig. 7), so that 


S’ = dS‘dy = —q, and 

Ws” —qp (bt’G) (59) 
Sinilarly, for the horizontal walls 

Whs” -q, (At’G) (60) 


Shear deflections w,, and w,, of vertical and horizontal 


walls in their own planes cause angles of distortion 
of tl 


the cross section 


Vos 


(61) 


2w,,,/ b 


) 


Was 


2w,, A; 


24 i ee 
| oh2(b + h)t'k mr b+h 
Hence, the spring constant is (Fig. 5) 


8. = M/o, = 


2a* ( 
+ —- a 
Nbht G 


EX 


(bqo 
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respectively, giving a total distortion by shear de 
flections of the walls of 
V, = Wos + Var 2[(wne/h) + (wy, 0 62 
and, using Eqs. (59) and (60), 
wi% = —(2/bht'G)(qr” + qn” 63 


Hence, from Eqs. (57) and (63), and using Eqs. (47 


the fourth derivative of the total angle of distortion is 
IV IV IV 
¥ Yr + os 
(4 EI,b)[q — (k/b)y] 
[-(k/h)w” + q 


—(4 ELA) (Rhy 4 
(2 bht’G) X 


(b b)y” (64 


Insertion of J, and J, from Eqs. (49) and (50) and use 


of Eq. (42) leads to the differential equation 
yl’ — Py” + Qy R cos (ry X 65) 
where 
P I2(b + A)k/BrAzG 
Q [96k bh*(b + hk (66) 


R | [48 bA2(b + A)t'E| + (29° bht'N°G)}q 


A somewhat similar differential equation is obtained 
for a bridge with upper and lower lateral bracings, 


end and intermediate cross bracings.'? With 

y Yo cos (ry XA (67) 
Eq. (65) yields 
v 'R [(wt/A4) + (9? ADP + QI} cos (wy/A) (68) 


From Eqs. (51) and (52), the bending deflection ot 
the walls in their plane causes angle rotations ¢ 


(Fig. 5) of the wall in the plane of the shell of 


2)W 


oo = ow = ow = (1 


sb — Yodd al) 


Shear deflections in their planes of the horizontal walls 
cause angle rotations out of its plane of the wall in 
the plane of the shell of 


Yss = 2Wys b 


so that the total angle rotation in the plane of the shell, 
out of that plane, is 
al = PQspo + Ys = (1 2 Yr a ww, b 


or, from Eq. (56), 


gy, = 2[(wy/h) + (wn b)| + 2wy,/b (69) 
Hence, from Eqs. (53), (55), and (60 
¢."" 2(go/ (Elk) + qn (ETB) — qn” (bht'G (70) 
Using Eqs. (47), (49), (50), and also (42), (66), (67), 
and (68), this yields 
‘i b Pp d} ) ] qo COS (ry/d 
5 ( xX : oe 
r>b+h 24 (9t/d4) + (W?/A)P+Q 
(71) 
(72) 


¢.) cos (ry/X) 
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rho? / 24 Nb —h Qe? a: 
8, = »( - ——_ 0) | - ( P -(1+ <= I QO | 7 
v4 r bh?(b + hy’ r>b+h bht’G ro b+h 2x4 ~/ | . 
This spring constant applies to a straight tube. Anal- 


ogous to Eq. (38), for a tubular ring the spring constant 
is 
la/(a + h) 8, (74) 


Be = B, 


Owing to the high critical stress of such a ring section 
(hat section), the influence of the compressive stresses 
in the ring upon the spring constant may be neglected. 
Also, the term corresponding to Eq. (39) can usually 


be neglected. 


BUCKLING IN MODE B, GENERAL INSTABILITY 


As explained in the Introduction, this mode is split 
into Cases 1 and 2. Case 1 is that of a simply sup- 
ported orthotropic shell where the stiffness of the rings 
is uniformly distributed along the shell length ZL, and 
Case 2 is that of fully clamped shell panels with lengths 
L (Fig. 2). 

The critical pressure p,; for Case 1 may be calculated 
from Eq. (g) on page 480 of reference 10, from which 
for the present case, with a, (1/2)o,, and ge 
(1/2)¢1, the critical pressure is 
[Et/(1 — v*)a]dy [Et/(1 — v®?)a] X 

$(Cy + Cow + Cyan)/[Cy + (1/2)C3]} 
Here the symbol ¢ has been substituted for 4, denoting 
the shell thickness in reference 10. All other symbols 
are explained in that reference. The calculation of 
a, requires the moment of inertia J, (Fig. 7) of the 
rings for bending in their planes, for which it is neces- 
sary to know the effective width of the shell that acts 
together with the rings. The effective width can 
practically always be assumed as that for an infinitely 
long shell that was calculated in reference 16 for a 
O. With v = 0.3, this effective 


width can be assumed as 


A 
(75) 


Poisson’s ratio v = 


0.78(at)'/* 
{1 + (1/2)n4(t/a)?|'/* 


1/2 (746) 


(1/+/3)n?t/a} 


4 
at each side of the stiffener. To find the minimum 
value Pimin Of fi, the number of lobes in the circum- 
ferential direction has to be chosen such that p; becomes 
as small as possible. 

For Case 2, that of a clamped shell panel, the mini- 
mum critical pressure Po» i, is given by Eq. (31), where 
from Eq. (7), with 8 co, | 0.665 L, (Per)sn iS given 
by Eq. (9) of reference 2, or by the present Eq. (27), 
with | = 0.665 L. 

To find the actual critical Mode B 
resulting as the interaction between Cases 1 and 2, 
as will be shown later on, one has also to calculate 


pressure for 


fi and p2 for a number of lobes for which they are not 
In that event, ~; follows directly from 


minimum. 
Eq. (75), and 2 about from Eq. (31), where / = 0.665 L 
and (Per)s, 18 given by Eq. (24). The interaction 


between Cases 1 and 2 is similar to that between 


column and plate buckling in I-shaped columns, as 


calculated by the method of split rigidities in refereng 
17. This method, on which a comprehensive treatig | 
is given in reference 18, will also be used here. Fo, | 
both Cases 1 and 2, the deflection w can be represente 
as (Fig. 2) 


w X cos (ny /a) 7 
where X is a function of x alone. The compressive | 
stresses o, and o (1/2)o, in the shell cause deflecting | 
forces 
D —ta,} | O*w Oy’) + (w/a-) 7 


(1/2)0°w/Ox*} 78 


per unit surface of the shell. Since shells under ex 
ternal] pressure buckle in circumferential lobes. that 
are short as compared to the panel length LZ, (1/2)0°% 

Ox’ is neglected with respect to the other terms, 


that from Eq. (77 


D to,(n*> — 1)w/a’ 79 


and thus is proportional to o, and w. Since o 

proportional to the external pressure ~, D is also pro 
portional to p and w. Considering a panel (shell plus 
two half rings) near to the center of the shell, the 
deflection w, for Case 1 can be considered as not to van 
with x (Figs. 2 and 10). In Case 1, the total deflecting 
force acting on a longitudinal strip, running in the 
axial direction on the crest of a circumferential lobe 


and with a length Z, can be written as 


dD, CL Pw SU 


where C is a constant and /, is the critical external 
pressure for Case 1. Hence, also the restraining force 
acting on that strip is 


R; 


{&] 


CLP, 


The deflection w: from Case 2 causes mainly internal 
moments .\/, in the shell alone, which may be neglected 
in comparison to those in the rings in Case 1, so that 
R, represents the total restraining force in the com 


bined case. Hence, the equilibrium between deflecting 


and restraining forces in the combined case, with 
critical pressure p,;, can be written as D,; + D» R 
or, using the same constant C (Fig. 10), as 
*L/2 
CL pct: + Cher woilx = CLpyw, 
J-=GPp 
or Per(W1 T- GW) Pw 82 
*L/2 
where re) (2 wale) (Lwem) Sd 
/J JV 


the 


In obtaining Eq. (82), it was sufficient to consider 
and 


deflecting and restraining forces themselves only, 
not the work they perform. Since these forces exert 
work on the deflection w, only, which does not vary 


with x, their work is proportional to these forces 
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themselves. To obtain a second equation, only the 


shell between two rings is considered, that is, not 
including the rings. 
done by the deflecting and restraining forces, 


Here it is necessary to consider 
the work 
since that work is exerted on the deflection we, so that 
the higher the relative value of w2, the more influence 
the have. In Case 2, the deflecting force D>» 
icting upon an element of unit surface at the crest of 


forces 
. circumferential lobe can be expressed as C pz W». 
Hence, also the restraining force Re, that is in equilib- 
rium with D., is equal to C p. w2. This may be 
considered as the total restraining force in the actual, 
combined case, since in Case 1 the deflecting forces 
we resisted primarily by the rings, so that the re- 
straining force from the shell alone, as considered here, 
may be neglected. Hence, in the combined case, the 
negative work exerted by the restraining forces upon 


the longitudinal strip considered in Eq. (80) 1s 


°L/2 
ie = | 
L/2 


[he deflecting forces in the combined case are D, 

’ and Dsz C Per We. the restraints 
R R. against buckling of the shell panel (without 
the rings) are connected with the deflection wy. only, 
the work done by the deflecting forces in the combined 


e]/ /2 


R. WolXx 2¢ "Pe We" 


"dx (84) 


C Per Wi Since 


Case is 


D, + De)wodx 
; L/2 
“1/2 »1/2 
ZC Per WWodx + W'o"AX (S5 
ZV /7 0 
Since |’, l’,, from Eqs. (84) and (85 
] R | 
Del YU + Wop PoWom 86) 
21/2 | L/2 
where 7 Won WodX We"dXx (87) 
/J0 / J0 


Elimination of w, and w»,, from Eqs. (82) and (86) gives 
9 | g 


rT Pe [(p + pr 2 
£(] v¢) pipe] “| 


) ats } 
2(] YS) Ji PI 


(SS) 


If p» is much greater than /;, this reduces conservatively 
to 


(89 


Per [pe T l — y¢)pi}/(p2 + Pi)j Pr 


analogous to Eq. (75) of reference 17. Inversely, if 


1) ty 


p [pr + (1 — ve)pel/(bi + b2)§ 2 (90) 
analogous to Eq. (74) of reference 17. Indeed, as 


shown in reference 1, with buckling in a number of 
; he 

lobes that makes p; minimum (say 4), f2 is very high, 
so that Eq. (89) applies, from which /,, is only slightly 


below p;. On the other hand, for the number of lobes 
that makes . minimum, /; is high, so that from 
Eq. (90), ~., is only slightly smaller than ~:. The 
factor (1 — yg) influences p.,, but not very much, 


so that, as shown in reference 1, in computing y¢ it 
is sutficiently accurate to assume 
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Fic. 10. Splitting of shell panel deflection 
general instability into deflections w, and « 
We Wom COS” (rx is 9] 


deflection at the crest of the circum 


Eqs. (83 then 


where ws is the 


ferential lobes. and (87) give v¢ 


2/3, so that from Eqs. (89) and (90 


for pe? pr: Per 


ip, (p; + Pp ,) 


Kl } ae 
for pi > pe: Per 


1 — (2/3 | pe (pi + Dp 


Here, ~; and fp» in each formula belong to the same 


number of lobes. minimum 


becomes 
if either /, As shown in 
reference 1, for a steel shell with a 25 m., L, = 125 
, and with a moment 
the 


Practically, p 


or ps become minimum 


and ¢ = 0.073 in 


of the rings of 0.0120 in.', 


m.. Z, = 31.25 m.., 


of inertia J, (Fig. 7 
minimum value of p; is 14.7 psi, occurring for n ! 
For this same number of lobes fp. is S45 psi, since 
n = 4 is much smaller than the optimum number of 
waves for the shell panel, which is 13. Hence, from 
the first Eq. (92) p., for Mode B is only | 
smaller than ~;. On the other hand, the shell thick 


ness ¢ was chosen such that also the minimum value of 


per cent 


13, is 14.7 psi. For this same 


is 1040 psi, so that 


ps, occurring with n = 
n, the value of p; from Eq. (75 
is less than | 


from the second Eq. (92), pe, per cent 


smaller than p. = 14.7 psi. Hence, the interaction 
between /; and pz» is negligible, due to the great differ 
ence between the number of lobes that makes /; or 
p, a minimum. As shown in reference 1, for these 
critical pressures and a total length not greater than 
5a, as were considered there, it is economical to place 
the rings as close as structurally possible, so that L/a 
should be smaller than assumed in this example. For 
smaller L/a ratios the difference between the optimum 
number of lobes for p; and pz. becomes still greater, so 
that it may be assumed that /,, for Mode B is equal 


to either p; or ps, whichever is smallest. Since Pe 1s 
always more than p for Mode A, this means that the 


only value of p., for Mode B that can be governing 


1S Pi. 


REDUCTION FACTOR AND INFLUENCE OF 


OuT-OF-ROUNDNESS 


PLASTIC 


From Fig. 13 of reference 19 for shells with small 
ratios L/t, for which the experimental buckling stresses 
¢, are higher than about half the yield stress ¢,,, they 
are below the theoretical buckling stress from von 
Mises’ equation [Eq. (287) of reference 10]. Besides 
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the limited applicability of small deflection theory, 
which is taken into account in Eq. (31), this is mainly 
due to two factors: (1) the decrease of the effective 
deformation modulus above the proportional limit, 
and (2) out-of-roundness. In view of the wide scatter 
of the experimental values, apparently due to varying 
out-of-roundness, it seems sufficiently accurate to 
take account of the decreased modulus by multiplying 
the elastic critical pressure, for panel as well as general 
instability, with the tangent modulus ratio /,/F. 
This can be done for panel buckling without trial 
and error by calculating the slenderness s, = 7V E/ o,, 
of a column with the same elastic buckling stress o,.,, 
(a/t)p., and p-; 


and finding the plastic buckling stress of the equivalent 


where dye; is given by Eq. (31), 
column and the shell panel from a slenderness-buckling 
stress diagram for columns of the same material. For 
general instability, the equivalent slenderness is 
s,s = wt VE/za,, where a, is the compressive stress in 
the rings for the critical pressure that causes elastic 
general instability. From the preceding section, the 
latter is equal to p; from Eq. (75). o, is calculated 
from Eq. (247) of reference 14. 

Out-of-roundness can be taken into account by 
determining the equivalent eccentricity of the equiva- 
lent column and multiplying its concentric buckling 
stress by a reduction factor « for eccentricity that for 
various steels may be derived from data given in 
reference 20. The Fourier term of the initial de 
flection that has the greatest amplitude is probably 
that with the same number of lobes m as that in which 
the shell buckles, since this is the deformation that 
requires a minimum of work. Let the amplitude of 
the half 
diagram to be straight up to the yield stress, as is 


waves be e. Assuming the stress-strain 
assumed in deriving the secant formula as an approxi 
mation of the buckling stress of eccentrically loaded 
columns, with a direct stress o, the outer fiber stress 
practically reaches the yield stress ¢,, when the elastic 
bending stress is equal to o,, — o,. These bending 
stresses are sufficiently accurately 
—(O°w,/Oy")(t/2)E. As is well known, the elastic 
a,)]e cos (ry/X), where 


given by 
deflection w, bay! (Gger 
d,-, 18 the elastic circumferential buckling stress and 
\ = 7a/n is the half wave length of the lobes in which 
the shell buckles. Hence, in a panel, the yield stress 
is reached when 


(mt Xe) oy / Gxer o,) le(t/2JE = Gy, — a, (93) 


For the equivalent column, with length s,7,, where 
r, = 0.289 ¢ is the radius of gyration of the shell wall, 
the same condition becomes 


(w?/(s575)7][o,/(Gyer — oy) ]e-(t/2)E = oy, — a, (94) 


where e, is the equivalent eccentricity of the column. 
Hence, in order to make the eccentric buckling stress 
of the column equal to that of the shell, its effective 


eccentricity should be assumed as 


¢. = ts7./aA) (95) 
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Similarly, for the rings 


é, = (5,r,/X,)*e Qf 


where the subscripts 7 refer to ‘ring’ and e, is th 
amplitude of the initial lobes with the same half way, 
length A, as that in which the shell buckles in genera) 
eccentricities e can be 


instability. The measured 


approximately as proposed in reference 21. Th 
effective eccentricities e, could be taken into account 
by multiplying the concentric buckling stresses with , 
reduction factor » = | y, where for various steels » 
is given in reference 20 as a function of slenderness 
eccentricity and yield stress. However, from Table 
of reference 22, for concentric buckling of a plate or 
shell with o, = (1/2)o,, the decrease with respect t 
0.446) (1 — 0.417) = 


0.95 times that for a column, so that the reduction 


the elastic region is only (1 


factor uw for eccentricity may be assumed as 


w= 1 — 0.95} 1 (1/¥ (97 
where y is given by Eqs. (26) of reference 20. Hence, 
the eccentric buckling stress o, of the shell is 

Sy ece = P(E,/E)e,. (98 


where o,,, is the elastic circumferential buckling stress 
A similar formula applies for the stress ¢, in the rings 
in the case of general instability. Here wu = 1/y. 

A more accurate, but more laborious method for 
finding the buckling stress for general instability in the 
plastic range would be to multiply in Eq. (75) CG, + 
Cra, due to the rigidity of the shell, with the plastic 
reduction factor 7 belonging to the ideal stress (¢,” + 
o,? — o,0,)'” in the shell,2? and to multiply C3a, with 
the tangent modulus ratio /,/- for the stress o; in 
the rings. To the concentric buckling stress found 
thus, the reduction factor uw for eccentricity is then 
applied. Theoretically, for minimum weight | the 
buckling stresses for panel and general instability 
should be equal. However, since no test results are 


available for checking the calculation for general 
instability, especially in the plastic range, it is recom- 
mended that the dimensions be chosen such that p 
for Mode B (general instability) is somewhat higher 
than p., for Mode A (panel buckling). 
EXAMPLE OF CALCULATION AND COMPARISON WITH 
TEST 
The only complete test data available to the writer 
are those of reference 19. The total length of the shell 
is L, = 33.75 in., the ring spacing L = 5.27 in., a = 
For the solid rings 0 = 
The eccentricity e of 


13.375 in., and ¢ = 0.062 in. 

0.656 in. and t’ = 0.1875 in. 
the shell, determined according to reference 21, was 
0.374 ¢. 
psi. Panel buckling occurred at p 


The yield stress of the material was 54,400 
SO psi. 
Panel Buckling (Mode A) 


The heavy rings offer a high rotational restraint, 
so that as a first approximation the panel is assumed as 
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BUCKLING UNDER 


fully clamped. From reference 2 then, / O0.665L 


»50 in., and / a 3.90/ 13.375 0.262. From Eq. 
IQ), 0 16.7, so that actually n 17 and the circum 
ferential half wave length A Ta Nn 247in. S™ 
in Eq. (38) depends on \ 6 2.47 0.656 3.76 and 
i b*t'o,/(9?N Assuming a, 10,000 psi, one 
ends up with p SO psi. Using now p SO psi, 

0.5, 


one obtains from page 404 of reference 14, with 1 
3(1 — v?)]'/4L (at) 7.45 and g 2a L 
Then from Eq. (247) of reference 


7.45/5.2¢ 1.4155. 


all values x are practically equal to one, 


I4, since 

h=t 0.062 in., and A A, bt’ 0.123 in., one 
obtains 2? as 0.825 p 66 Ib. in., so that o 

Pa A 7,200 psi. Further, NV, = E#*®/{1201 — 


that k 0.00325. With 
these values of \ 6 and k, from reference 12, g 
0.2203 .V,/b 6,080 Measuring 6 up to 


the middle plane of the shell, in Eq. (38), so that 


1S,100 tb.-in., so 


Ib.in. in. 


0.656 + 0.031 0.687 in., it gives B, 23,100 
Ib.in. ‘in. From Eqs. (39), (40), and (41), 8, — 380, 
3, 23, and Br 22,743 Ib.in./in. Hence, in Eq. 
7), B Bp/2 11,371 Ib.n./m., c = L/2 2.635 


n., and NV Kt®, (12(1 — v?)] = 654 Ib.in., so that, 


1 J 

by trial and error, / = 3.57 in. and //a = 0.267. From 
Eq. (29) again, m 17. From Eq. (27) now (pe,)s, 
IS] psi, so that for steel shells Eq. (18) yields (/ a), 
2.23. Then Eq. (31) gives p., = 0.78 (181) 141 psi, 
so that o,, (a t)p, 30,400 psi. This is in the 
elastic range, so that H, & = 1. The slenderness ot 


98.7; 


0.0232 in. 


the equivalent column is s eV E/ Oye 


r 0.289 X t 0.018 in.; e = 0.374t = 

From Eq. (95) e, {98.7(0.018) /2.47 |"e 0.519e 
0.0120 in. From Eq. (27) of reference 20, with 

Y 4,400 psi, (Lr) Sl, so that y has to be 

calculated from Eq. (26a) of reference 20, from which, 

with k i 6 0.0103 in., 

1 + (21,000 — 0.2350,,)(e/R-)” */s,? 1.97 (99) 

and from Eq. (97), u 0.5525. Hence, the resulting 


buckling pressure is up, 75 psi. In reference 19, 


the panel length Z was assumed as 4.92 in., in order 
to take account of the thickness of the rings and welds. 
(S), the critical 


From Eq. pressure is practically 


inversely proportional to /, and hence, to L. This 
brings the buckling pressure to (5.27/4.92)75 = 80.3 


psi. The experimental buckling pressure was SO psi. 


General Instability (Mode B) 


From the preceding, p,, is equal to p; from Eq. (75)- 


L,a 33.45/13.375 2.52, so that, without rings, 
Irom Eq. (29), 2 = 6.5. With rings » will be smaller. 
rry n »). With the notations of reference 10, p. 


1.25. Hence, the 


calculated 


tSO0, \ ra/L, 1.245. and s = 


(75) can be from 


C coefficients in Eq. 
p. 480 of this reference. However, since s has little 
influence, they can be read directly from graphs in 
This gives 

20,000: 


reference 23, where s is assumed as 1.2. 
C, = 2.9: GC. = 64,000: C, = 500,000: C; 


i 


ATERNAL 


PRESSURE 


C; 1400. Further, in Eq. (75), with the present 
notations, a = f° 12a 1 558,000 and a, | 

v- I, (Lta*). To find J, of the rings, the effective 
width 6, from Eq. (76) has to be calculated, giving 
b, 0.685 in. This leads to /, 0.01142 in.* and 
ay 0.000178. Hence, Eq. (75) yields p OSO psi 
Repeating the calculation for n fand n 3 gives 


Pp 164 psi and 621 psi, respectively, so that 


Py 164 psi. This is much higher than p,, for panel 


buckling, so that, also taking account of reductions 
for plasticity and eccentricity, general instability is 
not governing. This is in accordance with the test, 


since the shell failed by panel buckling 
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Newtonian Flow Theory for Slender Bodies 


}. op. CARE” 
The RAND Corporation and California Institute of Technology 


SUMMARY 


As an aid to the aerodynamicist in the design of air frames for 
hypersonic speeds (speeds faster than about Mach 5), Newtonian 
flow theory is examined from the point of view of gas dynamics 
and hypersonic small-disturbance theory. The usual theory is 
shown to result as the first approximation of an expansion valid 
for small A = (4 1)/(y + 1). A basic similarity parameter 
N = (y + 1)/(5 1) M..*6? is introduced 
of the first approximation for the flow past slender bodies (bodies 


A general solution 


which cause only a small disturbance to the stream) at zero angle 
\n important condition which limits the 
namely, that the pressure 
The theory is then ap- 


of attack is given 
application of the theory is noted 
coefficient on the surface not fall to zero. 


plied to cones and to bodies whose shape is r = x” 


SYMBOLS 


a = local speed of sound 
Cp drag coefficient 
Cy = pressure coefficient 
F(x) = body shape, = F(Z) 
G(x) =O< r* S< G(x) =S-—F 
g = AG 
H = hypersonic similarity parameter = 1/.\/,,*6? 
h = p/e 
L = characteristic length 
VW = free-stream Mach Number, or flight Mach Number 
m = for axialsymmetry = 1; for two-dimensional flow = 
O 
N = Newtonian similarity parameter = 
(y + 1)/(y — 1I)M,,28 
F = pressure 
q = velocity vector 
= distorted radius, = 7/6 
; = dimensionless radius 
= r — F(x) 
r*/X 
S(x) = shock shape, = S(x) 
1 = temperature (absolute) 
l = free-stream velocity along ¥-axis 
x = distorted coordinate, = # 
\ = distorted coordinate, = 7/6 
z = distorted coordinate, = 2/6 
t, ¥, 2 = dimensionless space coordinates 
= C,/C, = ratio at specific heats, assumed constant 
4 = gradient in x, 9, Z system 
6 = flow deflection or thickness ratio; or flow deflection 
angle 
7] = temperature ratio, = 7/T, 
A = semivertex angle of cone 
é = shock-wave angle 
oN = (7¥ -—-D/(v1 +) 
p = density 
t = maximum thickness 
y = stream function 
) = conditions behind the bow shock wave 
)y = second Newtonian approximation 
Jo = surface conditions 


free-stream conditions 


Received September 3, 1956. 
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(1) INTRODUCTION 
’ I {HE CALCULATION of inviscid flow fields at high 
Mach Numbers is of increasing importance. Hoy 


ever, even within the framework of classical perfect 
fluid theory the exact equations of motion are too dif 
ficult to solve with any generality. One class of ap 


studying only flows past 


only 


proximations consists in 
slender bodies—that 
small disturbance to the stream. 
disturbance theory, as expounded by Van Dyke, js 


is, bodies which cause 


Hypersonic small 


typical of this type of theory. 

The basic idea of such an approximation for high 
Mach Numbers is that the flow perturbation transvers 
to the stream caused by the body is an order of magni- 
tude larger than that along the stream. This fact may 
be determined from a study of shock-wave relations (or 
those for Prandtl-Meyer flow) provided that 17.6 is 
(VV. = flight Mach Num 
In these flows the en- 


not much less than unity. 
ber, 6 = flow deflection angle.) 
tire region of interest lies very close to the body. 

The mathematical formulation of hypersonic small- 
disturbance theory is presented in Section (2); how- 
ever, two facts concerning the theory should be empha- 
sized here. First, although the equations are very 
much simplified, they are still nonlinear and not ca- 
pable of solution in any generality. A possible excep- 
tion to this might be calculations based on the method 
of characteristics applied to the small-disturbance 
theory. Second, in the cases which have been calcu 
lated on small-disturbance theory, the results have been 
remarkably accurate when compared with more exact 
theory.! 

An entirely different type of approximation is New 
tonian flow theory.” In this theory the flow is not 
analyzed in detail, but a hypothesis is made that the 
oncoming flow loses its normal component of momen 
tum on striking the body. Calculations based on this 
idea are, of course, easy. 

Various authors have pointed out that Newtonian 
flow is related to gas dynamic flow by a limiting process 
involving + Me— o,! In this memorandum 4 
more detailed study of the relation of Newtonian flow 
to gas dynamic flow is made within the framework ol 
In particular 


—> I, 


hypersonic small-disturbance theory. 
the shock waves and flow field associated with Newton- 
ian flow are investigated. This investigation is carried 
out by making the Newtonian approximation to the 
problem as the problem is simplified by hypersonic 
small-disturbance theory. 


mathematical the 


Section (2) is a formulation of 


hypersonic small-disturbance theory. 
cusses the mathematical expansion procedure associated 


Section (3) dis- 
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3) dis- 


ciated 


ith Newtonian flow. In Section (4) the general solu 
on to the first approximation equations is given for the 


vero angle of attack. Section (5) contains an 


se ol 


stimate of the accuracy of Newtonian theory, based 
on a comparison of the first and second approxima 
ns for flow past a cone with the small-disturbance 
solution Section (6), the final section, studies flows 
ist bodies whose shape is given by 7 \ For these 
dies. at infinite Mach Number the shock shape 1s 


similar to the body shape, and this is the only case in 
Within 


bodies a minimum drag body is found. 


shich such a similarity exists. this class of 


HYPERSONIC SMALL-DISTURBANCI 


THEORY 


Kot \TIONS OF 


} 


Consider steady flow past a thin body in a set ot 
limensionless coordinates (#, 9,2). The coordinates are 
made dimensionless by a characteristic length LZ (which 
will drop out in the case of conical flow). Let 6 = 
slope or thickness parameter characterizing a family 
The flow at infinity is uniform and has 
Then 

hypersonic small-disturbance expansion is charac 
terized by two parameters—.\J~2 = Mach Number at 
slope or thickness parameter. For 


shape S. 


velocity U’ along t-axis, pressure P.., density p 


infinity, and 6 


example, 6 = ¢ L, where ¢ = maximum thickness of 


body. The dependence on other parameters is sup 
pressed for the present. 

In accordance with remarks of the previous section, 
the expansion is carried out in a distorted set of coordi 


nates x, ¥, 2, 


r= 2 \ yo g = 3/6 (2.1 
ind has the form 
Ey s Mo, 6)/l pl + 67(x, y, 3; AZ) + 
w(x, y, 2; H) +...) i +b ni(x, y, 8; HM) 4 
5% (x, y, 3; H) + (2.2a 
where v1 = 0 j Ls Zs 
ad P p [ 6 Pix, Vv o:I1) + 64p. + 2.2b 
pp ON, VY, 2, I] + 6°ao 4 PR 
wher 
H hypersonic similarity parameter 1/M.%6 


rhe approximation is based on 6 ~ O keeping // and 
The expansion (2.2) is substituted into 


y, 3) fixed. ys 
the equations of motion, shock relations, and boundary 
conditions to produce a sequence of approximation 
equations and boundary conditions. 

It is first convenient to notice the existence of the in 


variant of the entire flow 


rhe first two terms of the expansion of the invariant 


wccording to Eq. (2.2) are 


r “ 











S(x) 
t 
| G(x) 
‘ | 
g 
Z ; _-_—— > x 
KI 
I] 7 f v°/2 I] ; 2 da 
y 1); a. + 7 u,?/2)} 
(lo )ya 5 Ilo : 2 Ib 


1 


In carrying out the expansion it is also convement to 


use the notation 


v gradient in xv, y, 2 system 
V gradient in cross-section plane of (A 
Vio = (0/dy, 0/02 
so that V 1(0/Ox) + (1 6)-V 20 


The derivative along a streamline 1s 


(q l “7 O OX + %4°V r © O OK T 
4 T 2.6 
Now, applying the expansion procedure to the Euler 
equation, 
q:V9q U7? —(1 pl*)rP 
The terms 0 (6) are 
0 Ox) + 4°Ve [2 Vif 2.4 


This is a momentum equation in the transverse plane 
There are also higher order equations involving (%, Pp 
ete., which are not written out here 

continuity 


Applying the expansion procedure to the 


equation, 


yields Oo, Ox) + V oii 0) 2.8 


and higher order equations. Applying the expansion 


to the ent ropy equation 
q:-V(P p 0 


0/Ox) + a1°Ve |(P 


vields 


and higher order equations 
In summary, the first-approximation equations” of 
hypersonic small-disturbance theory can be written 


2.10), x is identified wit! 


dynamic equations are 


If, in Eqs 
that the 
in the transverse plane 


exactl those of unsteady flow 
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gq U = (1 + 67a, + 
(P — P..)/p.U? = 6p, + 


p/Po = 1 + 
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} 


If the differential equations are solved for 2, p 
then the invariant yields u; and the resultant velocity 


The expansion procedure (2.2) can also be applie 


Continuity (00;/0x) + V):(o1%1) = 0 
_ . : (2.10) to the shock relations to obtain a sequence of approx; 
lransverse [((0/Ox) + 1°Va ln = ‘ : a 
mate relations. In carrying this out it is useful als 
Momentum —(1/01)Vepr : Ch p 
to determine the conditions at the shock front by an ex 
Entropy [(0/Ox) + %1-V_ ]- pansion about the shock front as determined in th 
(yp: + H)/o," = 0 first approximation. This will not be written out her 
as the equations for the second approximation are not 
Invariant H—(y—-1)[m+ ; ; pis ' ; PI ; = asides 
(v2/2)] = (H + pry)/o considered seriously. The first approximation shoel 
relations, for a shock in the undisturbed stream, read 
py? = —nu0 Shock Polar 
Wy? 4 l 
tan 0, = —6 ; my) ) = —4y, 
V7, VH — [(yvy + 1)/2]m° iy. 
uy"! 
a = ( » 
uy =H v4)? 
A convenient form of Eqs. (2.12) can be found if the shock location in the case of two-dimensional or axially-sym 
metric flow is expressed as 
tan, = 6S’(x) or FP = 6S(2) (2.13 
Eqs. (2.12) may then be expressed 
pA = [2/(7 + 1)](S? — A) 
Shock Relations (¢;"0 = rare 2.1 
2 (y+ DIN+ ly -) (4 | 
1) = [2/(7y + 1)][S’ — (/S’ 


The approximate boundary conditions of tangent 
flow to the surface using Eqs. (2.2) can also be found. 
For the special cases of axially symmetric or two- 


dimensional flow at zero angle of attack we have 


Body ? = 6F(#) orr = F(x); 
r= Vy? +2? axialsymmetry | /, 15) 
r=y two-dimensional | , 
and %[x, F(x)] = F’(x) (2.16) 


In the domain of interest, F(x) <r < S(x). 


(Ov*/Or*) + m[(v* + F’)/(r* + F)] = (1/0) [(001/0x) 


2/(y + 1)]/{F? + 2F'°G’ + G2 — H} 


A slightly modified formulation of the equations for 
axial symmetry uses the distance measured from the 
body surface and the velocity difference taken from th 


value on the boundary. Let 


r€*# =r — Fix 


r) = u(x, r) — F'(x 2.1 
= Gis) = f= F 


then v*(x, 
where 0 > r* (see Fig. 1 


In these variables the hypersonic Eqs. (2.10), for the 
cases of axial symmetry or two-dimensional flow, be 
come 


t+ v*(O0,/Or™ 


) = —(1/0,)(Op; /Or*) 


2.15 


Fr’? + OF'G’ + G" 
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Continuity 
Transverse Momentum [((0/Ox) + v*(0/Or*) lu* + F’(x 
Rakvogy [(O/dx) + v*(0/dr*) ][(yp1 + H)/o1’] = 0 
Shock Relations p(x, G) = [2 
go"! tx, G) = 


ye) + FY = [2/(y + 1)]} F’ 


The number m = | for axial symmetry 


= (0) for two-dimensional flow 


2/(y+t DJA + [vy - 1/0 


+ 1)|\(F” + 2F'G’ + G” 


+ G’ — [H (F’+G’)]} 
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NEWTONIAN EXPANSION PROCEDURE 


[The usual Newtonian solution is obtained from the 
hvpersoni Eqs. 2.18 by y—~ land//—O0. For the 
solution usually chosen G = 0 so that the shock is on 
the body surface, and yp” = @. 0: 0, p> FF”. No 
ittempt is made to calculate the flow field. While it 


is possible to visualize this limiting flow with infinite 
lensity ratio aS an approximation for a flat surface, its 
interpretation for a curved surface is questionable, and, 
previous papers*:* sometimes include a centrif 


in fact 
In order to study the flow field 


ugal force correction. 
in more detail, in particular to keep boundary conditions 
both on the shock and on the body, the limit y > 1, 
1] > 0 is carried out in a distorted coordinate system. 

In the limit /J — 0, Eqs. (2.18) show that the density 
1) so that 


ratio o°) — (4 s/t = 


ZA* -t (3.1 


[he quantity \ is taken as a basic small parameter for 
the Newtonian limit. In order to conserve mass the 


shock must lie a distance 0 (A In 
order to carry out a limit in which the shock does not 


off the surface. 


collapse to the surface, the distance from the surface 


must be measured relative to A. The Newtonian limit 


mentioned above also shows p = O(1), v* = O(A). 
Pherefore, the following expansion is assumed: 
r*-H) = p(x, #; N) + Apr(x, F; N) + 
bor (1/A)a(x, 7; N) + o,(x, 7; N) + 
o*(x, r* N ho(x, 7; N) + A2az7(x, 7; N) + 
(3.2) 
ta id ( v 
Continuity w- Tm — aoe 
F \F 


a ra) Oo 
Transverse Momentum + 7 v 
Ox , 


' O 0 \/ pr 
Entropy op — 
. Ox O07] \a 
with the boundary conditions 
at body surface v(x, O 0 (3.4) 
it the shock 
v)p,(x, g) + pr(x, ¢ 2F'g’ — F'g’ | 
VF'(2¢’ + F’ , 
g oN, 2 = eo ‘a! 
(N + F’?)? 
g + v(x, g gy’ + (Ng’/F” 


this system of equations the shock shape de 
The bound 


In solving 
-), ete., must be found. 


scribed by 
are found by applying the shock 


g(x), gr(x 
iry conditions (3.8 
relations at the shock as found in the first approxima- 
tion. An expansion in terms of distance from the 
shock has been used. 

It might be noted that the momentum equation of 
the first approximation indicates the existence of a 
pressure gradient normal to the x-axis which is propor 


IRVY FOR SLENDER BODIES j 
where 
N = Newtonian flow parameter IT /d 
Y+ 1 2 1) AW. °6 
} v* \ 
and shock location 7 g(x) + Agila The 


Newtonian flow parameter .V is fixed as \ ~ 0, which 
corresponds to the fact that /7 ~ 0 in the usual New 


tonian limit. 

Applying the expansion procedure (3.2) to the hy 
personic small-disturbance Eqs. (2.18) and the bound 
ary conditions produces a sequence of equations for 
should 


} 


(p, o, v), (pr, a7, v7), etc. The variables (pf, o, v 
be related to the usual Newtonian flow approximation 
while the higher terms represent corrections. The 
equations which result are 
First Approximation Equations 
Continuity Fai m of’ + Fo 0 | 
Transverse ‘ial l o)p 9 
3 
Momentum | 
Entropy [0 /Ox) + 2(0/0F7) |(p a 0 
with the boundary conditions 
at body surface v(x, O 0 3.4 
at the shock [ p(x, g) = F%X% 
\o(x, 2) = F2/(N+ F 3.9 
is g) = g’ (N/F’ F°| 
Second 1 pproximation Equations 
7 O O 0! O 
-| = +? + v, — (log a 
f Ox O07 /\o O7 
07] l 
P p = Pi (3.6 
o- a 


tional to the body surface curvature. The pressure 
immediately behind the shock is the Newtonian limit 
so that the surface pressure is lower if F” < 0. It has 
been implicitly assumed that the body is smooth so that 
roe 


etc., exist. 


(4) GENERAL SOLUTION OF THE FIRS? 


APPROXIMATION EQUATIONS 


The pressure on the body surface can immediately 
be found by the introduction of a stream function ¥ 
and the flow field can be found by integration. 

y is defined in the conventional way as having the 
property of satisfying the continuity equation identi 
cally ; 


W(x, 7): F™ov -y, Fo = y; 11 


The momentum equation of Eqs. (3.3) thus reads 
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(/FP") Fy; + p; =0 (4.2 
Integration of Eqs. (4.2) from 7 = 0, the body surface, 
gives 
(1/F")F"y + p = po(x) (4.3) 


using the fact that y = Oat ? = Oand pfo(x) = p(x, 0). 
The pressure distribution on the body fo(xv) can be 
found from Eqs. (4.3) by evaluating the left-hand side 


on the shock. To do this Wenock can be found as follows: 


(dw /dx)shock = r(x, g) + g’(x)W7(x, g) (4.4 
and from the shock relations 
(dW /dx)shock = 7 [(N/F’) + F’] 
Now, using Eq. (4.1) and the shock relations, 
(dW /dx) mock = F"F’ 


Integration using Wshok = Oat x = O gives y along the 
shock 


Wshock = F™+1(x)/(m + 1) = Wx, 2(x) (4.5 


The result (4.5) is equivalent to finding y from mass 


flow ahead of the shock [Eq. (4.1)]. Now, using Eq. 
(4.5) and the value of » on the shock from the shock 
relations in Eq. (4.3) the pressure on the body surface 


is found: 


box) = F(x) + (1/2)F F’ 


axial symmetry (4.6a 


two-dimensional t.6b 


= F(x) + FF" 


The formulas for the pressure on the surface agree with 
the Newtonian formulas usually given? which include 
centrifugal force corrections. According to the method 
used here, Eqs. (4.6a) and (4.6b) are the only correct 
Newtonian formulas. In terms of pressure coefficient, 


Eqs. (4.6) are 


Cx) 267} F(x) + (1 2)F F"} axial symmetry 


t 
(4.7a 


two-dimensional 
(4.7b 


262) F’2(v) + FF"! 


It is quite important to note that the surface pres- 
sures just found are independent of the Newtonian 
parameter .V, although the flow field and shock shape 
which will now be discussed depend on NV. This 
means that as the Mach Number increases (.V > 0) 
the surface pressures reach their limiting value before 
the flow field, and that the surface pressures should be 
a good approximation over a wide range of Mach Num- 
ber. 

Now to find the flow field, Eq. (4.3) must be inte- 
grated with the right hand side p(x) given by Eqs. 
(4.6). To do this, p is expressed in terms of y. First 
note that the entropy equation of Section (3) shows 


pio = k(yp) (4.8) 
or p=1/ F"y;k(y) (4.9) 


Finally, k(W) can be found by evaluating & along the 


shock and using Wshock Of Eq. (4.5). This-gives k(y) 


TICaL SCrences 
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) 


parametrically. From the shock relations (33.5 


k F?(x) + N 
on the shock FUrth(s 
re J 


m+ | 


gives k(wW) par 
metrically 
Thus, the equation for the stream function (4.3 


comes 
wd mn , 
k(W)y; + F'(x)y = F"po(x 
or Oy Or = [F"bo(x) — F'(x)W] /R(y 11) 
Coordinate x enters Eq. (4.12) only as a parameter s 
that the integration with respect to 7 can be carried o 
keeping x fixed. 


e [ k(db)do 

7 = { 
Jo F(x) po(x F"(x)@ i: 

The boundary condition y = 0 at 7 = 0 has been use 


» r 


Carrying out the integration of Eq. (4.13) gives y 


and the entire flow field. sii 

It is important to note that if po(x 0 the integr 
diverges. That is, the solution fails whenever the pres 
sure fp» falls to zero on the body. The approximation 
poor for some distance ahead of the point where / 

The shock shape is given by 

ePr ‘ n+1 ko . 

Q\X) = a 2 dd 1.14 EF 
Jo F(x) po(x) — F"(x)o 

ye 

It is interesting to note that the surface distributi 
of density, temperature, and velocity, as well as th 
pressure, can be found without carrying out the int 
grations necessary to find the flow field off the surfac 
According to Eq. (4.10) at x = 0, y 0 and 

k(O) = F’2(0) + AN f th 

| 

so that I 
on(x) = po(x) ‘[F’2(0) + NV 1. 

P 
that is, surface density is proportional to surface pres 
sure. The surface temperature is found from th 

equation of state 

1/2. 6=(P’'P pp £11 

Referring back to Eqs. (2.10), 6 

nt 

P/P. = 1+ 7M,767): = [po(x)/NA] 4 1.18 ce 
so that the surface temperature is constant and equal t 

Bo(x) = ,[F°(0), NV] + 1y = RO) N 4 1. 

The resultant velocity on the body surface can b 
found from Eq. (2.11) by applying the Newtonian es 
pansion to the invariant of Eqs. (2.10). 

Wy + (v°7/2) = [1 y— 1 |) 77 (77 + pry) o = FF 
l 4 ,N (p oO t 
or 
Ol 
uy + (2/2) = (1/2)}N — R(y)} $2 tl 
u 


Thus the magnitude of resultant velocity at any pot 
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onoc 
N 
Fic. 2 
l 1+ 6&(N — k(y)] + 1.2] 
Eq. (4.21) shows that in the first approximation the 
resultant velocity 1s constant along streamlines. The 


lue of the velocity on the surface ¥ 


F’*(0) + N, so that 


0 is easily 


found since k(O 


nthe surface g° l = ] — 6*F’*(0) 4 kee 
bi) is also known along the shock by (4.10) so that 
on the shock q? l 1 — 6°F’(x 1.23 


Fora ty pical convex body the qualitative sketch of Fig. 


2 describes the flow. 


FIRST AND SECOND APPROXIMATIONS FOR A CONI 


rhe first and second approximations for the pressure 


on a cone are easily calculated. To find the second 


ipproximation to the pressure, some information about 
the flow field of the first approximation is needed. 


Ul 


Che first approximation is found directly as follows: 


fora cone 
F(x 6 tan 6., if semi-vertex angle 
D.1 
nd the shock 1s 
g(x Ax 5.2 


where 
first approximation to the shock angle. The shock 


! is an unknown positive constant fixing the 


conditions (3.5) become 


Bx, Ax) = |] 
a(x, Ax) = 1/11 + SA Ee 
vx, dx) = A-—-(N+1]1 


9 


rhe transverse momentum equation of (3.3) is 
p; =0 or pb = fn(x) (5.4) 
From the shock conditions (5.3) it is seen that 


0<F< Ax (5.5) 


lA 


p= 


or that the pressure field is uniform everywhere. 
the entropy equation of Eqs. (3.3) and the shock rela- 


From 


tion it follows that the density is constant 


o¢ = 1/(1 + N) (5.6 


BODIES 


The transverse component of velocity can be found from 


> 


the continuity equation of Eqs. (3.3 
(x7 = —] 
or using the boundary condition 7 Oat? 0 


WX, mils a oO. 


This represents a flow field whose streamlines are more 
inclined toward the cone surface as 7 increases. The 
shock angle can now be found from the boundary con 
dition for v on the shock (5.3 


| 1—-(N+1) or | + 


The she ck shape 


The formulas for wave angle @,, and pressure coefficient 


C, according to the first approximation are 


tan 6, tan 6 1+ Al(1 NV) /2 
sy 1) (27+ 1 
l 2\/ 0 5.10 
1.0S + (1 2A/.* tan? 6 
fory = 14 (5.11 
Cc 26"p 2 tan’ 0 5.13 


Some idea of the accuracy with which the external flow 
is found can be obtained from a comparison with the 


exact solution of Kopal’s tables 


V/ tan Newtonian Koy 
ta ad 0 # 
15 16.2 lb. 
15 63 0.95 23.4 22.8 
10) 10.8 11 ( 
10 9.10 2.58 12 .¢ 12 .¢ 


These few results show the very good agreement of 
shock wave angle obtained by Newtonian theory with 
that obtained by exact theory over a wide range of con 
ditions. However, it is to be expected that the theory 
will only give good results for 1/.. tan @. > 1, as this 
was assumed in the derivations. A comparison of the 
pressure coefficient with more exact theory is deter 
red until the second approximation is calculated 

The second approximation to the pressure is deter 
mined immediately by integration of the transverse 


momentum equation, using the known solution |Eqs. 


5.5) and (5.7)] for v(x, 7) and p. Eq. (3.6) shows 
2#/x? = —(1 — N)pr, 5.13 
Integration gives 
br(x, 7) = p(x) — [1/11 + N)]F/x)? (5.14 


where p,,(x) is the (of course constant) value of p,; on 


the surface. Evaluating (5.14) at the shock by (3.8 


fixes p,,. 
p, — [1/11 + N)JA? = 24 -1-—-N=O 9.15 
SO Dr = 1+ N } 5.16 
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Combining first and second approximation, the for- 
mula for pressure coefficient on the cone surface is 


C,/6* 2; +aA((Ql + N)/4] + O(C2); (5.17 


This result is now compared with Van Dyke’s numerical 
integration of the hypersonic small-disturbance equa- 
tions. The solution expressed by (5.17) should be an 
approximation to Van Dyke’s which is valid for .1/ 

tan 0, > 1. 


Ist Ist and 2nd 

= 1.405 \pprox \pprox Van Dyke 
7. tan 0 C,/é C,/é C,/6 
(). 6599 2 000 3 2 646 
1.150 2 O00 2.462 2 wa 
2.469 2.000 2.166 2.154 
2 O88 2 000 2 116 2.116 
2 OOO 2? OS4 2? OY] 


It is seen that the first approximation predicts (C, 6°) 
with a 16 per cent error for J/., tan @, 1.15 while the 
error is decreased to 5 per cent by including the second 
approximation. From the point of view of Newtonian 
theory presented here, the dependence on the New- 
tonian flow parameter .V is important. It is not to be 
expected that the expansion procedure based on \ — 
0 is uniformly valid with respect to V. It can be seen 
from Eq. (2.17) that in order for the error of the first 
approximation to be truly O(A) then .V must be O0(1) 
or smaller. From a practical point of view we might 
expect the Newtonian expansion procedure to give use- 


ful results if 


N = [(y + 1)/(y — 1).W~*6?| << 20r3 (5.18) 


(6) Bopy SHAPE r = .’ 


An interesting question concerns the possibility of a 
flow field, other than a conical one, in which the shock 
shape is similar to the body shape. An examination of 
the equations of motion and boundary conditions (3.3), 
(3.4) and (3.5) shows that this is only possible for 


Pts) = x" (6.1) 


and N = 0. 

This similarity solution of course exists also for the 
complete hypersonic small-disturbance equations, since 
an expansion in terms of A cannot destroy similarity. 
The solution has been investigated in detail by L. Lees.® 
He has shown it to be a generalization of Taylor’s and 
related solutions’ for infinitely strong shock waves. 

From the first approximation the pressure distribu- 
tion and drag coefficient are easily found. Eq. (4.6 


shows 
po(x) = n(2Qn — 1)x?2@—! for two-dimensional flow 
(6.2 
(n/2)(3n — 1)x?™—) for axial symmetry 
(6.3) 


The drag coefficient for a body of unit length can be 


found by 


ICAL SCIENCES JUNE, 1968 


id | 

Cp = (1/6 | C, 2m 6F 6F’ dx 
for axial symmetry (64 
= (1/3 C,6F’dx for two-dimensional flow 
6.4} 
Although the body shapes have blunt noses, finite dra, 

results for 

i> #> 2/s two-dimensional 6.5 
L>n> 1/2 axial symmetry 6.51 


The formulas for the drag coefficients are 


Cp/s* = n°\(2n | 3n 2 two-dimensional 
6.6a 
Cn/6 n*[(3n — 1 2n axial symmetry 
6.6b 


From these formulas the existence of » for minimun 
drag is evident. It is found that for minimum drag 


n 0.866 (Cxp/8*) nin = 0:92 two-dimensional 
6.7a 
n 2/3 (Cp 8") min = 43 axial symmetry 
6.7b 


These are fore-bodies of minimum drag for a given thick 
ness ratio 6. These formulas show a _ considerabk 
reduction in drag when compared with wedge or con 


(9 = I): 
(Cp/6*)min/ (Cp/67) weage = 0.92 (6.8a 
(Cn /6*) itn! (Cr/6* cone = 2/3 6.Sb 


This result has to be taken seriously as it applies as the 
first approximation for all .V, since the surface pressurt 
is independent of .V in the first approximation. 

Eggers, et a/.,° have considered minimum drag bodies 
according to Newtonian theory using the “exact 
formula for pressure C, = 2 sin® d(d = local slope), but 
neglecting centrifugal force effects. The minimum 
drag shape corresponding to the one calculated here 
does not have a simple formula but turns out to be 
closely approximated by 7 = x** for axial symmetry 
If centrifugal force is neglected in the present approxi 
mation it is found that (within the class of bodies 
v") nm = 3 4 exactly. Thus, surprisingly, the use of an 
“exact’’ formula gives a result which agrees ver) 
closely with one based on small deflection angles 
However, it should be emphasized that the results o! 
reference 9 have no theoretical justification since cen 
trifugal force effects must be included. 

Certain anomalies of the flow field due to the singu 
larity at the nose point should be mentioned. For 
example, Eq. (4.16) shows that the density on the sur 


face o, = 0, while Eq. (4.19) shows that the surface 
temperature is infinity. There is a corresponding 
difficulty with the surface velocity. These difficulties 


exist, as shown by Eq. (4.16), ete., even for N + 0 
They are due to the violation of the assumptions of 
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hypersonic small-disturbance theory at a blunt nose. 
In this connection, the details of the actual flow near 
, blunt nose, with especial reference to its relation to 
the hypersonic small-disturbance theory, might com- 
prise a topic for further study. The effect of a blunt 
nose would seem to form a sort of boundary layer along 
the surface within the similarity solution. 

The physical interpretation of these flows for a given 
nose is Clear. However, it should be noted that since 
this class of bodies has only one characteristic length, 
the parameter 6 could have been eliminated by properly 
choosing the coordinates. The deeper significance of 
these flows in the large as an asymptotic approximation 
The 


same remark applies to the flow produced when there is 


to the exact equations then has to be discussed. 


no body but instead a concentrated energy source (and 
V/ ©). This flow due to a concentrated energy 
source can be interpreted as the effect of a blunt nose 


at very high speeds.’ 
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Contents INTRODUCTION 
ee ; I HAS GENERALLY BEEN ASSUMED in aerodynamic 
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TABLE I — TYPICAL FLEXIBILITY PARAMETERS 
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is the value of tip twist. The integral of Eq. (5) is 


iS a parameter using an elliptical additional 


ft distribution and a basic lift distribution computed from the 


showed 


inalvsis bears out 


l lift by strip theory and the typical twist distribution of 
Phe additional lift-curve slope is assumed to be Cre 

deg 2.865 per rad. The development of the basic 
Aa /«€ 0.4165 The 
of the flexible induced drag to the rigid induced drag in 
shown in 


results are presented as 


corresponding lift distributions are 


the well-known fact that the total 


lrag of the wing depends primarily on the magnitude of 
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€;/¢ 
the lift and only secondarily on its spanwise distribution \n 
extreme range of loading variation was investigated to demo 
strate this point although a practical value of €;/ Cz, is less than 
0.1 The parameter «,/ Cz is given by aeroelastic calculations in 
the form A 1 + Koqg), where A; and A, are parameters whicl 
vary slightly with Mach Number; the dependence of €;/C; 1 


speed is therefore apparent rhe 


arguments presented are for 


a swept wing but should apply equally well to a straight wing 
The modification to subsonic speeds would require that the in 
duced angle of attack be added to Eq. (2), but the results should 
be approximately the same 
It is therefore seen that the approximation of neglecting aero 
elastic effects on the drag polar of lifting surface ind, henes 
on the untrimmed airplane drag polar has less than 1 per cent 
error for present airplanes and that design speeds will have t 
se considerably before any correction will be required It 


increa 
remains now to consider aeroelastic effects on the trimmed an 


g polar 


plane d1 


XIBILITY ON THE TRIMMED 


DRAG POLAR 


2) EFFECTS OF FI 
\IRPLANI 

Phe total airplane-induced drag may be written as the sum 

its components from wing, fuselage, and ho | 


ference is neglected 


Cp K (Cia a)? + Kut Kr( Cra..e ‘ 
Phe trim condition is written as 
Cy Cra a + Gia ) 
Cc QO = —(x/c)Chrq a — (ln Se + Cma_ § 


, the induced drag cor 


unaffected by flexibility, 


From the conclusions of Section (1 


K,, and Ky can be 
Kr is assumed independent of flexibility 
By taking differentials of Eqs. (6) and (7 


considered to be 


and performing tl 


necessary algebraic manipulations, we find the drag increme: 
due to flexibility in terms of the change in lift-curve slope a 
center-of-pressure movement 
ACp,/K oC 24(ACzta /Cre 2B( Ax /é 
where 
w) dC, dC, i+ ( €eo../Ce. 
c T dC, dC; T } 
CLa, Cla —B d — (x | 


mstant 
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where [dC,,/dCz|r. oss is the tail-off static stability 
In order to get an insight into the magnitude of the drag 
variation and the important parameters involved, we will make 


the following assumptions: 
Ky K ~ S RT A K; (8 ~ » OF; 


ln C-7 >[dC, dC; a” @& 


Cha,/ Cha, ™ OF/S 


Following these assumptions, Eqs. (9) become 


B=(c/ly $1-(s Su c/ly (dC, /dCxr\ 7.0 
A= B(x/« \ 


L-+-(Se/S ! 
- (10 


which shows the dependence on the tail-length ratio, static sta 
bility, and center-of pressure location 

To investigate the range of variation of drag, we choose some 
typical parameters for airplanes at supersonic speeds since 
flexibility effects are greatest at high speeds) as shown in Tables I, 
II, and II] 
and B 
typical flexibility parameters at maximum speed is shown in 
Table II 
It is immediately obvious upon examination of Table III that 


Table I shows the variation of the coefficients 4 


The assumed variation with sweepback angle of the 
The resulting drag variation is shown in Table II] 


neglecting the effects of flexibility on the trimmed drag polar is 
justified for slightly swept wings, conservative for moderately 


swept wings, and overly conservative for highly swept wings 


Free Molecular Flow Forces and Heat Transfer 
for an Infinite Circular Cylinder at Angle of 
Attack* 


L. Talbot 

Assistant Professor of Mechanical Engineering, University of 
California, Berkeley, Calif 

February 4, 1957 


_— R et al.'-? have obtained expressions for the heat-transfer 
and force characteristics of an infinite circular cylinder 
transverse to a Maxwellian free molecule flow—that is, a flow in 
which the mean free path is large compared to the body dimen- 
sion. They considered twocases: (a) perfectly specular reflection, 
wherein the molecules transfer zero energy and zero tangential 
momentum to the surface, and (b) perfectly diffuse reflection, 
wherein the molecules transfer all their tangential momentum to 
the surface and leave the surface in thermal equilibrium with it 

In this note, results are given for more general surface interac- 
tions and for the case of the cylinder at angle of attack. These 
results have some application in missile aerodynamics and in the 
interpretation of free molecule probes used in low-density wind- 
tunnel work. 

The following surface interaction parameters are defined :*: 4 


a = (dE dE,)/(dE; — dE,,) (accommodation coefficient) 
1) 
o = (7; — 7,)/7; (specular reflection coefficient 2 
ao’ = (Pp; — p,) (f p +3) 


Here E£ is the energy flux of the molecular flow, p the momentum 
flux normal to the surface (pressure), and 7 the momentum flux 
parallel to the surface (shear stress). The subscripts 7, 7, and w, 
respectively, indicate the incident flux, the re-emitted flux, and 
the flux which would be re-emitted if the molecules were left in a 
Maxwellian stream at the surface temperature The quantity E 
includes both energy of translation and energy contained in in- 
ternal modes of motion of the molecules, assuming that all forms 
of molecular energy are accommodated to the surface in the same 
degree. It may be noted that the case of perfectly specular re- 


* This work was supported by the Office of Naval Research and Office of 
Scientific Research Reproduction in whole or in part is permitted for any 


purpose of the United States Government. 
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Fic. 1 ( Left Local coordinate system 
Fic. 2 ( Right Coordinate system on surface of cylinder 
flection corresponds to a = 0 = o’ = Oand that perfectlh) fu 
reflection corresponds toa =ao==e = ] The data present 


available for a and o indicate values between about 0.7 and | 
no data are as yet available for o’, though it might be expect 
that o’ will be of the same order of magnitude as o 

In terms of the foregoing surface interaction parametet 
the nomenclature of Fig. 1, the shear stress, pressure, and he 
transfer for a surface element dH aligned at angle 6 with respect t 
the incident stream are 


» ‘ s sin @ 


«SV 7 i 


T ap l “cos 6 
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— o 4 (= © 9 4 a’ Ex}e sin 6 
2s? | Vt 24 7 
l a’ rl 
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’, and 7 are the density, velocity, at 

V 2RT is the molecu 

is the temperature of the surface; and 4 is th 


In these expressions p, | 
temperature of the incident stream; s = [ 
lar speed ratio; 7) 
specific-heats ratio of the gas 

If it is assumed that the surface interaction parameters a, ¢ 
and o’ and the body temperature 7 are all constant over the en / 
tire surface, the integration over a cylinder of the expressions 
given above may be carried out. The results of the integrations 
for the recovery factor and heat transfer are most convenient] 


expressed in terms of a modified recovery factor i 





=r[y¥/y + D) = (yy + DI (Tow — T)/(T — T)) OF 
where 7,,,, and 7) are the adiabatic wall and stagnation temper sie 
tures; and a modified Stanton Number i 
St’ = St-[4 aly + 1)] = 
y/aly+ 1) * ie rdpUC,(T, — 7 5 
where Cy) is the specific heat of the gas at constant pressure, and d Be 
is the diameter of the cylinder. Likewise, the force calculatiot | 
results are conveniently expressed in terms of a normal force 
efficient A 
4 
Cy = N/(1/2)pU*d 9 C 
Fer 


and a tangential force coefficient 
Crp = T/(1/2)pU%d l 


where N and 7 are forces per unit length of cylinder. | 
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Fic. 3. Free molecular flow functions for cylinder at angle of 
attack 


The integrals are not difficult to set up and evaluate. For ex 
ample 
2/2 
Cr = (a cos B/V xs) Le Sees + 
3 > 
Vrésin o[1 + erf (€ sin ¢)] {do 
One finds St’ = (sin B/4V/ w) 2(¢ 1] 
= 2 + (sin? B)h(E 12 
( o’ sin B/4s) r*20/T,,/T + 
(4 + 0 — 20a sin 23)f(£) 13 
Cr =(V 2000s 8 sin B)g(é 14) 


Here 6 is the angle of attack of the cylinder as shown in Fig. 2, 


sin 8, and 


i» [(1/2¢) + (1/3) E] Lo(€?/2 1/6 
1/3)é]1,(¢2/2)te—*/" (15 

t) = ,[(1/d) + é)Do(2/2 é1,(&#/2)fe-*/* 16 

I,(2/2 I,(#2/2 1 + To(€2/2 £7, (£2/2 17 


rhe above functions have been plotted in Fig. 3. If more ac- 


curate calculations are desired, they are easily accomplished 


through use of available tables®:* for the modified Bessel functions 
vr) and J,(x 
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Boundary-Layer Stabilization by Distributed 
Damping 

Max Kramer 

oleman Engineering Company, Inc., Los Angeles 

February 18, 1957 


I SHE 


‘ent Is a consequence of a dynamic instability that develops 


TRANSITION of the boundary layer from laminar to turbu 
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Number Thus it was felt that the 


introduction of artificial damping might 


with increasing Reynolds 
increase the stability 


of tests was conducted 


of the boundary layer \ systematic series 


in order to study this novel approach to an artificial boundary 


laver stabilization 


The tests utilized the spin test method which was specifically 


developed for a simple qualitative study of the effect of distrib 


uted damping on the transition Reynolds Number Phe method 
was based on the wind-tunnel experience that qualitative transi 
tion studies can be made at slowly decreasing speed just as well 
as at slowly increasing speed The method utilized a water 


filled container of 20-in. inside diameter and 10-in. inside height 


The container was spun up to 720 r.p.m. by an electric motor 
\fter 10 min. at constant speed, required to eliminate turbulence 
the container was suddenly stopped \ floating paddle inside 
the container, plus photoelectric recording equipment, permitted 
a reliable recording of the deceleration of the water speed in the 
Reynolds Number range from 107 to 104 (when referring the length 


and the speed to the inside circumference of the container 
The transition Reynolds Number could be determined with an 


break 


measured speed-over-number-of-revolutions 


accuracy better than +20 per cent by determining the 
point of the 


curve from the same calculated curve for fully laminar flow By 


away 


the application of short pieces of tripping wire in various places 
in the container, it could be proved that, for smooth metal walls, 
the transition starts in the center of the cylindrical area of the 
container at R = 0.45 X 10° and reaches the top and the bottom 
of the container at R = 4.5 X 10° The early beginning of the 
0° was understandable when consider 


transition at R = 0.45 X 
ing that theory and experiment agree on a drastic decrease of 
the transition Reynolds Number on concave surfaces as compared 
to flat surfaces 

The model of distributed damping tested covered the inside of 
the cvlindrical wall of the container \ cross section of the lining 


is shown in Fig. 1 \ thin natural rubber diaphragm was 


mounted on wires which ran on a cylindrical surface under an 


angle of 10° in reference to the general flow direction in order to 
make the damping effect more uniform. The wires in turn wert 
mounted on the inside of a perforated cylindrical drum. Differ 
ent mesh wire screens could be wrapped around the outside of 
the perforated drum in order to vary its hydraulic resistivity 
\n open space of 0.5-in. width was provided between the outside 


of the perforated drum and the inside of the spin test container in 


order to permit an oscillatory flow between various points of the 
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Fic. 1 Cross section of the damping lining tested 
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Fic. 2. The relative increase in transition Reynolds Number as 
a function of the resistivity and resiliency of the lining 


diaphragm. Small holes near the top and bottom made certain 
that the inside of the lining was automatically filled with water 
during the filling of the spin test container. The resiliency of 
the lining could be varied by a change in the stretch of the rubber 
diaphragm. The elasticity module of the rubber was 133 psi 
The lining represented a damper which was to absorb oscillatory 
energy of the boundary-layer flow by a secondary oscillatory flow 
through the resistivity of the lining 

Fig. 2 shows the result of the investigation. The result is 
the relative increase of the transition Reynolds Number in the 
center of the cylindrical wall as a function of the two main param 
eters of the damping lining— the resistivity and the resiliency 
rhe maximum relative increase in transition Reynolds Number 
measured equalled 2.4. The result means that the transition 
Reynolds Number of the properly tuned lining was 140 per cent 
Reynolds Number of the 


rigid wall under equal conditions 


greater than the transition smooth 


Since the preliminary study has shown promise, carefully 
controlled tests will be conducted under more normal conditions, 
such as increasing instead of decreasing speed, and zero pressure 


gradient in all three directions 


On Choosing Stress Functions in Rectangular 
Coordinates 


F. W. Niedenfuhr 

Instructor, Department of Engineering Mechanics, The Ohio State 
University, Columbus, Ohio 

February 15, 1957 


A’ AN EXAMPLE of plane strain, most books on the theory of 
elasticity discuss the stresses in rectangular beams with dis 
tributed loading. The problem is conveniently handled by means 
of Airy’s stress function. None of the standard books on the sub 
ject gives a general method of finding a polynomial stress function, 
to fit a particular problem, however. The purpose of this note 
is to present a general method which is especially useful when the 
load distribution is itself a polynomial. 

In the absence of body forces, the stress function g must satisfy 
the compatibility condition A*g = O[A = (0?/dx?) + (0?/dy?)] as 
well as certain boundary conditions. The boundary conditions 
are usually stated in terms of the stresses which are obtained from 
= 07¢/dx?, 
It is easy to see that choosing these ex- 


the stress function by the relations o,, = 0?¢/Oy?, a,, 
and ¢,, = —0*g/Oxdy 
pressions for the stresses satisfies the equilibrium equations in 
two dimensions. 


The most general polynomial in x and y is 


RONAU 
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0 
P 
where p; = > ayyy 9 
j 0 
and the a ire constants to be determined, is are NV at the 
The appropriate derivatives of this polynomial are 
\ 
Oiy/dxt = YO ii — 1)(6 — 2)(6 — 3)par 
i=0 
\ 
O*¢/Ox*Oy* = yt ui — pe" x 
l 0 


\ 


i=0 


O'¢/Oy 


where primes are used to indicate differentiation of the 
With suitable shifts of indices, these partial derivativ: 
substituted into the biharmonic equation and the coefficients 


powers of x equated to zero. One obtains the recursion formu] 


p;-'* + (i — 2)(i — 3)p } 
—1)i-2)i -8 
where p QO for > \ For V+4,N+3,N4+2, A 
the recursion formula vields 
be 0 + IN(N — 1)p )  ) 
byy! = 0: py—,'* + 2N — 1)(N — 2) of 


From this it can be seen that the ?; are determined as a functi 
of N 


all of the polynomials in y could be determined with just the rig 


i.e., in any given problem, if a starting place were know 


number of arbitrary constants to satisfy the biharmonic equatior 
Since the fourth derivative of py is zero, py is at most of thir 
degree. The stress function is then of (N + 3)rd degree in 4 
y and of Nth degree in x 
make NV, and this can be solved by considering the loading 0 


The problem then is how larg 


beam 
\ theorem due to Weierstress states that any continuous fur 
tion can be represented as closely as one likes by a function of tl 


tvpe 2 jx" 


q There will be no loss of generality in assuming 


0 
that the load on the beam is given in this form. In fact, since y 


deal with an elastic system in which superposition applies, w 


may consider the load on the beam to be simply gx", where g is 
constant. In this case, it is clear that the bending moment on tl 


beam is a polynomial of (7 + 2)nd degree. However, the bending 


moment must be resisted by internal stresses In terms 
stresses at a cross section of the beam, the bending moment ] 
unit width is written as an integral of the form 


vy >) \ 
yo,,dy = y > p;"x'dy 
7 y e 1 0 


This is by hypothesis a polynomial in x of degree no greater that 
N Equating the expressions for moment obtained from stresses 
and loads, one obtains V = nu + 2, where » is the degree of tl 
polynomial which expresses the load 

When the load is expressed as a polynomial in x, then 
generates a polynomial stress function containing only ind 


pendent coefficients by repeated application of the recursiot 


formula. Clearly this stress function satisfies the compatibilit 


condition. The remaining undetermined coefficients a;; are ol 
tained from the boundary conditions. 

The labor of calculating the remaining independent a;,; can b 
reduced by a good choice of axes. In particular, if the x axis Is 
placed at the center of the beam so that the top (loaded ) surface 1s 
y = +c and the bottom (unloaded) surface is y = —c, certal 


simplifications arise. These are perhaps best illustrated by 


example. Consider the cantilever beam loaded as shown in Fig 


1. The boundary conditions at the top and bottom surfac« 
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{ the polynomials b , these become the sets of equ itions 
t +c) = 8 
f + ¢ 0 2 3, n+ 1 y 
— 0 = 2 3. n+2 10 
t¢ 0 2. n+2 1] 
—c)=0 =1,2 n-+2 12 
st two sets of equations |Eqs. (11) and (12)] written in 
ition form are 
 & ( ( () 13 
YS i -1P Oa; 0 14 
g these together one obtains 
P;—1)/2 
pe 2k + 1) 0 15 
0 
ré P 1)/2] is the greatest integer in (P?; — 1)/2 
Similarly, on substracting Eq. (14) from Eq. (13), 
P 2 »” 
= e+ VD) c.6h6©cz= OO 16 
ee 


very nearly 


10), 15 


quite easy 


sets of equations (8), (9 , and (16) are 


triangular form and are to solve Together with 
ry conditions taken from the free end of the beam (a 
The 


iditions intended here are the approximate ones that the thrust, 


= () 





form a complete set to solve for all the a boundary 


lear, and moment have prescribed values at the ends of the 


Normal Conduction Effects on Heat-Transfer 
Data During Transient Heating of Thin-Skin 
Models 


Viorton Cooper and Edward E. Mayo 
Engineers, Langley Aeronautical Laboratory 


eld, Va 
reoruary $ 1957 
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MOST commonly used methods to determine 


heat-transfer data is to expose a thin-skin 


R S’ 


FORUM 1651 
model to a heated air stream The eat-transfer cv cients ure 
then evaluated by balancing the rate at which heat enters a unit 


volume of the skin with the rate at which heat is stored and leaves 


It is usual to minimize the skin 





the skin thickness keep the 
temperature difference across the skin negligible and the lateral 
conduction as small as possible Phe use of thin skin intro 
duces structural problems, particularly for blunt noses, where 
the pressure may be sufficient to warp or fail the structure rr 
overcome this difficulty, it is common to use a fill terial for 
added strength with the hope that only little heat flow out 
the back face of the thin skin. It is the purpose of t te t 
establish the magnitude of the error involved by neglecting the 
presence of a fill material to show that, even for t best of fi 
materials, the errors might be quite significant 

If a thin skin backed by insulating material ideres 
then the aerodynamic heat input must equal t t stored 
in the skin (¢ plus the heat removed by conducti throug 
the rear face qd Lateral conduction may bk ieglected for 
simplicity inasmuch as its effect 1 the t-transfer data cat 
be superposed in the usual manner Phe heat balance then be 


comes 


or 
h( 7 l = (pcr (dl id 
. 
[(-/ pc.) Vr | mee: \ 1) l 
. 

where 

h = aerodynamic heat-transfer coefficient 

1 = adiabatic wall temperature 

1 skin temperature 

time 
p = density 
= specific heat 

k = thermal conductivity 

T = thickness 
primes denote differentiation, and the subnotati kin 

ns refer to the skin and insulating fill material, respectively 
In order to express Eq. (1) 1n its present form, 1t has b issumec 
that there is no temperature variation across the skin, the intet 
face of the skin and the insulating material are att same tet 
perature, the insulating material is of infinite extent normal t 
the skin, and the initial temperature distribution through the 
model is constant The assumption of no temperature difference 
icross the skin corresponds very well with reality when thin 
skin metal models are used. Furthermore, for the illustrative 
case to be presented, it agrees very well with more exact calcula 


heat-conduction equation in the ski: 


face of 1 


tions in which the 
If normal conduction through the rear 


portant, then the heat-transfer « hicient depends upon the con 


plete past history of the heating process, and Eq ra form 
more suitable for numerical computation) must be used for the 
reduction of experimental data ro illustrate the magnitud 
of the heat flow into the insulating fill material, let us assum 


first that it is negligible and compute the temperature time hi 


tory from the remaining terms as 
T = T ] Te 2 
where 7; is the initial skin temperature and 
1=Ah MT 
If the conduction correction is not too large so that we ca 
neglect the interaction between storage and conduction, we ca 


estimate its magnitude by substituting Eq. (2) into the 


ite terms in Eq. (1) to obtain 


= (2/i/a)(V peph OC pT aki I, dt (3a 
= (2/V/ r)[(V pcyk pC ,T Vit x 
> at 2n + 1)(n! Sb 
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QAcond 
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From Eq. (3) we note that the conduction term increases con- 
tinuously relative to the heat stored in the skin. Furthermore, 
we observe, as is physically evident, that increasing the skin 
thickness reduces the normal conduction to the insulator. Also, 
the conduction effect increases with heat-transfer coefficient 
hande time ¢. Eq. (3) is plotted in Fig. 1 for a 0.030-in. skin steel 
model backed by balsa wood, a substance having a low value 
of pi pk and hence a good insulator Heat-transfer coefficients 
of 0.05 and 0.10-—values which might occur in supersonic flight 
are assumed 

As can be seen from Fig. 1, the magnitude of the conduction 
term is quite significant. Hence, in the design of thin-skin 
models for aerodynamic heating studies, the simplicity of data 
reduction makes elimination of the insulating fill material far 
more preferable than attempting to account for its presence. It 
is of interest to note the similarity of the present problem with 
that encountered in shock-tube heat-transfer-data reducticn.! 
In the shock tube one reverses the design criterion and minimizes 
the storage term relative to the conduction term in order to 
maximize the surface-temperature rise with time. Only recently! 
has the importance of the neglected term been established for the 
shock tube 
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4 es DETERMINATION of the intensity of surface shear in a 
flowing fluid using the surface-tube technique depends upon a 
knowledge of the position of the effective center of the surface 
tube. If the distance of the effective center of the surface tube 
from the surface to which it is attached is y, and the velocity at 
this point found from the surface-tube pitot-static pressure is ™, 
the intensity of surface shear 7, is given by 

To = p(1/91) (1) 
it being assumed that ,/y,; approximates closely (0u/Oy),-0 for 
very small values of 4. 

Giedt,! using the Blasius-Hiemenz solution of the laminar 
layer, found for the surface tube used in his experiments that the 
surface-tube pitot-static pressure Ap is given by 

* Experimental values were obtained at the Engineering Laboratory 


Oxford University. 
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Ap = 5.50 10 -8(Ou/ O04 
where Ap is measured in lb.ft.~? and Ou and Oy are measure 
ft.sec.~! and ft, respectively. This equation applies Surfac | ‘- 
tubes used in air at standard or near-standard temperaturé oe! 
pressure. Substitution of (1/2)pm,? for Ap, u,/y, for (Ou /d4 
and using a value for p of 0.00233 slug-ft vields 
Wy, = 9.37 X 10-4u 
A number of surface tubes have been calibrated at Oxi l 
versity,” the surface tubes in this case being about 3/16 in . 
and having the form shown in Fig. 1. It was found that t 
effective center distance y, was represented by 
¥:/Va = 180(ya21/ v9 
between the limits of 0.75 and 2.25 for logio(ya?u/vy Noting 1 
that “,/%, ua/ya, the dimensionless group (yu? /vy,) becon 
(yata/v), which is assumed to be the Reynolds Number for t 
surface tubes considered | 
The height of the surface tube used by Giedt was approximat 
0.0035 in. with an opening of 0.0030 in. The value of yy fort ; 
tube using the notation of Fig. 1 is 3.25 K 1078 in. or 2.7] 
10-4 ft. With this value of yz and using the value of the kin ie 
matic viscosity v for air at standard temperature and pressur 
Eq. (4) becomes . 
y, = 4.97 10-4, ~-2 p 
The values of y; given in Eqs. (3) and (5) are shown plotted in Fig 
2. The intensity of surface shear found from Eq. (3) is given 
Ty = 4.05 X 10-414 
Using Eq. (4) in place of Eq. (3), the intensity of surface shear 
given by Ho 
Tw = 7.64 X 1074)? : 
It is interesting to plot the ratio y,/y, obtained from Giedt 
equation against the surface-tube Reynolds Number for air 4 
arch 
standard temperature and pressure. This plot is compared wit 
other results? in Fig. 3. It will be noted that Giedt’s values 
yi/¥a are slightly greater than values represented by Eq. (4 
considerably greater than values obtained from the curve sug 
gested by Taylor 
ets ; Indi 
Thom?‘ produced a two-dimensional numerical solution for Sr 


surface tube in an ideal fluid. His solution indicates that adjacent 
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The present problem is intended as a simple illustration of 





APPROXIMATE CURVE SUGGESTED 
evs v 


strong dynamic pressure and Mach Number effects which may 





measure 
occur in supersonic flows. Other induced roll phenomena may be 


peratur similarly explained, such as a reversal in the sign of the rolling 


Du /ds sie moment of a banked missile at the higher Mach Numbers. The 
ie: wing-interference field can also contribute to the variation of a 
missile’s hinge moments with bank angle 
ee i , : ANALYSIS 
ees Oe | ——- v, 
L6) iy g . : > . > no 
In Fic Surface-tube results plotted nondimensionally \ simple strip theory may be used to calculate the rolling 
nda that t moment for the cruciform missile of Fig. 1 rhe rolling moment 
L is then given by the integral 
the leading edge of a surface tube the streamlines are at an . 
gle of slightly less than 45° to the direction of motion L=% | cd 
Not , + . ” 
The surface tubes used by various workers differ in outside hich t! lif ' r ; 
v1) becon ; : Ee in which the section lift-curve slope is denoted by a and dynami 
ae ipe and in the form of the leading edge. Surface tubes of iain : angie Xe serehiceineeiss 
iber for ; pressure by g. The induced rolling moment arises from small 


isonable width and with the upper inclined surfaces adjacent to iff gee ' 
. - , . . ifferences in the lift coefficient and the dynamic pressure from 
edges at angles of less than 45° to the direction of : ssaeanicy ; 2 ae sti — : ii ‘ 





rOximate free-stream values, so that 


tion will have flow patterns adjacent to the surface-tube open 


r Va for t : » : a . . 

: ings governed largely by the value of y Surface tubes of this i us F 

or 9 : : ; = L o= @ A co a T Aa ad 2 
m should have comparable calibration curves when pl tted as . . 

4 the kir : ve — 7 : 

kin Fig. 3. Surface tubes with the upper inclined surfaces adjacent The local lift-curve slope is given by the Ackeret value, 4 

d pressur 2 . : ; } a ] } 
tl iding edges at angles of greater than 45° will have tl : al 
ne ee oi ibis Hs : Aig V M: 1, which may be expanded in powers of the Mach 

eading edges submerged in a standing eddy In this case the 


: Number increment to give 

flow pattern adjacent to the surface tube opening will be governed 

. : . = . Tia aa 17.2 J ,V 
, largely bv the outside dimension Y of the surface tube Aa/a v7 a a 
tted in Fig 


Within the framework of a small-disturbance 
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INTRODUCTION 














; —————$<$<—_—_ — : ~~ 4 
R' CENT supersonic wind-tunnel tests of a missile have shown \ 
peculiar rolling-moment effects which were not expected on T ] | T ] | | ] | T ] 
the basis of the usual slender-body theories. One of the problems \ 
ncountered on a cruciform missile configuration may be described NX ' | 
vith the help of Fig. 1. It is desired to maneuver the missile in TS 
+} . : . N 
le vertical plane, but a disturbance of some kind results in | ii | | 
eflection of the vertical control by an amount 6 \lthough Pe 
linearized theory would not predict a rolling moment for this T T sS | 
+ 5 ? ee ie 
mdition, the wind-tunnel results exhibited a strong induced < | | 
lling moment . 
It is the purpose of this note to provide a quantitative explana ] 
| tion of this rolling moment and to compare the calculated results | 
vith available measurements. The explanation given relates 
he indy . i 
he induced roll toa variation in dynamic pressure and local Mach <7 
‘umber above the main lifting surface, shown shaded in Fig. 1 | 
Wo . . a i 
small disturbances and isentropic flow have been assumed for the 
culation of this wing-interference effect \ny additional effects r 
to shock-wave losses from body or wing shock waves should 
msidered as soon as suitable methods become available é € 4 6 ; 4 
7 t Funds for this study were provided by Wright Air Development Center : 
* The writer wishes to acknowledge the contributions of W. M. Bleakney Fic. 2 Mach Number dependence of the induced rolling 
ind R. H. Edwards in pointing out the basic causes of the induced rolling moment due to dynamic pressure and local Mach Number 


nsidered in the present note effects f( Mo) is proportional to Cr; see Eq ‘ 
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theoretical and experimental induced 
a cruciform missile 


Comparison of 
rolling moments for 


Aq g = 2 V 2) (Qr V) » 


ifter dropping higher order terms. The velocity perturbation is 


required in the vertical plane above the centerline of the lifting 


wing, and slender-body theory provides this quantity in terms of 
the local semispan 
s?) (ds dx) 6 


Dp J = as Vv 


The unknown quantities in the rolling-moment relation, Eq 


2), are now given in terms which permit a simple integration 


Phe resulting rolling-moment coefficient may be written 


C; a6 = K f( Mo) (ds/dx) ” f 
in which 
f( Mo) = ((2 — My?) /V Mo? —1 [ Mo?/( My? — 1)2/*] x 
}1 1)/2] Mo?} (8 
K = 0.296 + 0.532 X g 


rhe rolling-momeut coeiticient of Eq. (7) is defined as (L/qo) X 


h*-,, where } is the span and ¢, is the root chord of the control sur 


face The taper ratio of the control is denoted by A, the ratio 
of tip chord to root chord. If the main lifting surface were a 
delta wing, ds/dy would simply be the tangent of the wing’s 


semlapex angle 

The Mach Number dependence of the induced rolling moment 
is determined by Eq. (8 The first term represents the effect of 
accounts for 


plotted for 


dynamic Variation, and the second term 


local Mach 


comparison in Fig e 


pressure 
Number two terms are 
effect reverses sign at My = ¥\ 2 
at this Mach Number in the 

Ackeret 
singularities in Eq. (8) as J 


variation. The 
because 
of the maximum isentropic relation 


ship between g and J/ Use of the formula for two 


dimensional lift results in the 
approaches unity 


COMPARISON WITH EXPERIMENT 


The results of wind-tunnel measurements of the induced roll 


ing moment for a cruciform missile configuration are given in Fig 


3, along with a theoretical estimate. In addition to the rolling 
moment from Eq. (7), a small additional moment contributed by 


a of the vertical control surfaces has been 
The linear theory of refer- 


the effective ‘‘sideslip”’ 
included in the theoretical estimate 
latter 


are based on body cross-sectional 


ence 1 is used for the calculation. The rolling-moment 


coefficients in Fig. 3 area and 


diameter, and the angles are expressed in radians. Presence of 


the body is neglected in the theory, and the planar surfaces 
are assumed to extend through the fuselage 

The theoretical estimate of the induced rolling moment is seen 
to be in very good agreement with the experimental results. It 
any refinements in the theory would generally 
tip effects 


the theory in its 


is expected that 
reduce the estimated rolling moments. For example, 
Nevertheless, 
present simple form should be useful for preliminary estimates 


are neglected in the strip theory. 


and for pointing out the design factors contributing to induced 
roll, 
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O» THE 


vehicles, 


FOREBODY Of many practically interesting hypers 
little 
flow field and the boundary layer 


there is interaction between the invis 


Therefore, inviscid flow theor 
independent of surface phenome: 


shock shape , she 


and pressure distributi 


can be used to determine, 


the physically interesting quantities such as 
detachment distance, sonic line shape, 
Furthermore, the pressure distribution so determined can then 
used for the study of heat transfer, materials behavior, and oth 


surface phenomena Thus, for these bodies, the Prandtl bow 


ary-laver concept can be utilized for the calculation of both t 


inviscid flow and the boundary-layer behavior 


It is the purpose of this note to p int out that this con ept ¢ 
also be applied experimentally in order to provide, in conju 
tion with a conventional hypersonic wind-tunnel supply 


means for investigating hypersonic heat transfer and _ surf 
phenomena under conditions of flight Reynolds Numbers 

example, a blunt 
attack; assume that the 4 
from Reynolds Number 
flight Mach Number or from an inviscid flow calculation or fro 


lo study 


Consider, for axisvmmetric body at zer 
yressure distribution is know 


test at the 


angle of 


a low wind-tunnel desire 


a combination of theory and experiment boundar 


laver, surface, and heat-transfer phenomena on this body in 


wind tunnel, is not necessary to simulate the entire invis 


flow field but only that portion contiguous with the boundar 
laver. This suggests, then, that the model can be surrounded b 
measured 


the shro 


a shroud which establishes the previously pressur 


distribution on the model. For a typical blunt body, 


must impose a mixed-subsonic and low-supersonic flow and lea 


to a configuration shown schematically in Fig. 1 For a given 


supply, the model and shroud sizes are dictated by the requir 


ment that under all test conditions the flow between the model a 
shroud should be far from a fully developed channel flow. TI 
shroud can be designed to a first approximation from one-dime 
sional flow theory and then modified empirically so as to impos 
the desired pressure distribution 

This shrouded model technique can be used in connection wit 


the air supply of existing hypersonic wind tunnels to provid 


The technique reported here was developed in connection with contra 
AF 33(616)-17 Aeronautical Reseirch Laborat 


Wright Air Development Center 


sponsored by the 
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SHROUD MODEL NOSE 


Fic. 1. Schematic diagram of shrouded model technique 


Investigating Heat! 


with 


r hy persor 
the InViIs 
flow the 


»henomer 


hape . sho k 


listributior 
can then 
r, and othe 
1dtl bour 
of both t 


‘Oncept ¢ 


in conju 


supply, 
nd surfa 
rs 

ly at zer 


1 is know 
he desire 
on or fror 
boundar 
body in 
re invisci 
boundar 
ounded b 
1 pressur 
the shrou 
and lead 
i given al 
le requir 
model at 
low Th 
ne-dimet 


to impos 


‘tion wit 


vide dat 


th contra 


oratory 


chnique 


READE 


ler | Reynolds Number, high heating conditions There 


wr advantages of this technique for the study of these 


ise the mass flow from the heating system must be 
r of magnitude greater than that within the boundary 
the model size can be enormously 
\s a 


ised model size, the study of many detailed phenom 


ift end of the body, 


that possible in the usual hypersonic test 


sult of inere 


For example, the study of the influence of sur 


is | ible 
ness, local ablation, plastic flow, and cavities on transi 
Furthermore, thermal 


to flight 


i] heat transfer 1s practicable 
ind 


the 


ses can be investigated under close thermal 


loading conditions, thereby greatly reducing 


blems of structural similitude Moreover, the problem of 
nodel instrumentation is greatly reduced 
the 


of this technique to 


Numbers 


i given heating system 


econd advantage pertains 


of higher Reynolds and, consequently, 


ites of heating from Because 


there are no losses from the normal shock ahead of the model, 


tagnation pressure on the model can be equal to the maxi 


rather than to: 


pressur¢ few per cent thereof as is 


testing hus, with a stagnation pressure 


1al in hy 


100-2.) psia, flight Reynolds Numbers of practical interest 


person 


n be obtained with existing air supplies 


Several comments concerning the applicability of this tech 


ique are pertinent \lthough described above for axisvmmetric 


flow about a blunt body, this technique can be applied to pointed 


id/or three-dimensional flows. In order to accomplish this 


the desired pressure distribution and related shroud 


extensiol 


must be established. For pointed bodies, the flow ahead 


design 


f the apex must be sufficiently supersonic to permit the estab 





Furthermore, by combining this 





Wm in attached shock 


ent OF 
hnique with that described in reference 1 for the simulation of 





the flow in the base region of hypersonic bodies, the entire viscous 
flow field can be studied with conventional hypersonic wind tun 
nels. Finally, the 

is possible to impose a time history of Reynolds Num 


heater, 1 


by programing the stagnation pressure of 


er. This permits a partial simulation of a missile heating cycle 
nd the determination of transition from instantaneous and local 


heat-transfer data Evidently, the influence of vehicle dynamics 


m boundary-laver behavior cannot be simulated by any fixed 


model technique 

It should be pointed out that the complete separation of invis 
cid and boundary-layer flows is required for the utilization of the 
testing technique described here; thus the effect on boundary 
laver behavior of the entropy gradient due to bow shock curva 
ture is not simulated 

The shrouded model technique described here has been em 
ployed in connection with the hypersonic facility of Polytechnic 
of Brooklyn tests 

» 


ire presented in reference 2 


Institute The results of some preliminary 


REFERENCES 


Ferri, Antonio, and Pallone, Adrian, Nolte on the Flow Fields on the Rea 
tof Blunt Bodies in Hypersonic Flow, WADC TN 56-294, July, 1956 
Ferri, Antonio, Cresci, Robert, and Libby, Paul A., Preliminary Hype 


Laminar and 7 Data Obtained by a New Tec 


WADC TN 56 


irbulent Heat 
378 (Confidential) 


Transfer 


December, 1956 


Geometric Stabilization 

A. Lange 

Electromechanical Section, Raytheon Manufacturing Company 
Wayland, Mass 

March 1, 1957 


M* GorczyYCKI is to be congratulated for his timely paper on 
geometric stabilization;' modern weapons systems abound 


with examples of this problem, and his paper is a welcome addi 


R S$’ 


FORUM $5 


tion to a literature which ippears to have large gaps between the 
The 


reference 2 


theoretical and the detailed treatments writer shares Mr 


Gorezycki's interest in the subject (cf , and it seems 


fruitful to discuss certain of Mr. Gorezycki's concepts in detail 


Most of the discussion which follows 1s essentially semantic in 


nature; however, it may be noted that the only difficulties in 


volved in this basically simple application of Newton’s second 


law are syntactical in nature Consequently, concern with these 


details seem worth while 


make it 
ipply to any 


Mr 


concepts 


Gorezycki does not 


nvé 


It is the writer's belief that 
the 


sufficiently clear that Ived here 


device which is to be isolated from the motion of the base on which 


it is mounted; the device characterized by an axis always aligned 


with the direction of local gravity is one such system, but, as the 
author later points out, the platform can be oriented according 
to prescribed command signal data Further, there seems to be 


some confusion regarding the role of the integrating rate gyros 
n the first place, it is not the integrating nature of the ible 
In the first pl t t tl t t t ft tal 

platform but its synthetic inertness which satisfies the require 


Useful as the 


is but one of 


ment of geometric stabilization integrating rate 


gyro is in such applications, it a number of devices 
which invoke Newton's second law to accomplish the same result 
Eq l Newton's sec 


it can more accurately be 


of reference 1 is not a statement of ond 


law; described as a statement of the 


law of Coriolis (reference 2; reference 4, pages 132-134 Inci 


dentally, this equation illustrates the hazard of using Newton 
notation in that the dot over w has inadvertently been omitted in 
the tangential acceleration term Phe use of a differential oper 


ator symbol seems preferable \lso, in a vector equation of this 


1 


sort, it would be helpful to use a notation similar to that sug 
gested by Weiss viz., V = V,,*, where Vis any vector and the 
subscript 7j indicates that the vector V is defined as some vector 


relationship between space 7 and space j (e.g., the position vector 


relating space ] to space 7, R rhe superscript & indicates that 


the components of the vector V are evaluated in space k; the 
spaces 7, j7, and k may be represented, for example, by Cartesian 
sets, interrelated in some specified manner rhe same state 


» 


Eqs 2), (3 
that 


ment is applicable to the components of Eq. (1 


and (4 where it is not immediately clear, for example, 


Wr, w,, and w, are the components of the angular rate of the plat 
form with respect to inertial space in inertial space coordinates, 
etc 


Mr 


the translational form of 


Gorezvcki, It ts 
Newton's 


Further, under the assumptions used by 


not clear to the writer why 


second law is used. Since the platform is considered as a rigid 


body, the rotational form seems considerably more direct Vaz., 
V 
M,? = |M,' = D,(J,W 
WV 


where M, = the vector sum of the moments applied to the plat 
form, D; = (d/dt)()i = 
inertial space, J, inertia tensor (reference 
and W,, = the angular velocity of the platform (p 


to inertial space (7 


the rate of change of ( ) with respect to 
+, pages 146-156 

with respect 
The superscript p indicates, for example, 
that the components of the vectors are evaluated in platform 
V,, M,, and M, 
supplied, in this case, by the inner gimbal-azimuth axis bearings 
If it is desired to intro 


coordinates. The three components of M are 
and by the azimuth servo, respectively 
duce the effects of mass unbalance into the above expression, the 


following vector must be included in M 


m,Ai,”? X E 


where m, is the mass of the platform, A;,” is the translational ac 


celeration of the geometric center of the platform with respect to 
inertial space, and E? is the eccentricity vector relating the center 
of mass to the geometric center. For the special case where only 


the aeceleration due to gravity is desired, 
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where g is the acceleration due to gravity and 7); is the transfor- 
mation matrix (see reference 2; reference 4, pp. 97-106) trans- 
forming A;, from inertial space to platform space. It 
argued that introducing the latter term is, in effect, what Mr 
However, in a practical design 


may be 


Gorezycki introduces ab initio. 
problem, a great deal of analysis and design may be completed 
before E can be specified. Then its effect can be introduced 
when more information is available 

It appears that Mr. Gorezycki’s prime concern is to establish 
the torque requirements for the three servos of a particular gimbal 
configuration. The writer would like to suggest the following 
steps which are generally applicable to problems of this nature, 
and have been found to be quite useful :? 

(1) Solve the kinematic equations 


W;,? = 0 0; = 0 


where Wi, = platform with respect to 
inertial space, Uj, 
respect to inertial space, and p indicates that the components of 
The first equation 


angular velocity of the 
= angular acceleration of the platform with 


the vectors are evaluated in platform space 
is a function of W,, W,, and W,—the components of the angular 
velocity of the base with respect to inertial space 
and the three gimbal servo angular rates as outputs 
equation is a similar function, except that the Coriolis acceler 
The latter appear as twice the product 


as disturbances 


The second 


ations are also involved 
of the gimbal rates and base rates. By setting the above vectors 
equal to zero and solving for gimbal angle rates, the gimbal rates 
necessary to isolate the platform from the motion of the base may 
be found. Reference 2 describes in detail the steps required to 
solve these equations, including the derivation of the transfor- 
mation matrices. Several examples are given, and the servo 
rates required for all six of the nonredundant* three-axis gimbal 
systems are summarized in a table. Further, by restricting one 
of these angles to zero, each of the three-axis systems degenerates 
to a two-axis system so that, by implication, all of the two-axis 
systems are considered as well. Assuming sinusoidal disturb- 
ances, maximum servo rates, accelerations, and bandwidths may 
be determined. . 

(2) Using the values found above, solve the kinetic equations 


M,” = DiJ pW.” — Mig'® = DiJigWiig'® 


M aft = Di Jog W i 9 


where the subscripts 7g and og refer to the inner and outer gimbals, 
respectively. These three vector equations represent nine 
scalar equations, of which three determine servo torques and the 
other six determine gimbal bearing couples. From the kinetic 
equations, torque and horsepower requirements can be found, 
and, from torque and angular velocity requirements, the necessary 
gear ratios can be selected. 

The kinematic equations determine the quantities measured 
by the gyros; the kinetic equations determine the required torques 
so that a reasonable analysis of the servos may be performed 
Depending on the location of the gyros, it is usually advisable to 
compensate for the fact that the gyro input axis and the gimbal 
ixis are not always aligned. However, it should be observed 
that the resulting automatic gain control affects on/y the dynamic 
performance of the system and not its steady-state behavior. 

Space does not permit an adequate discussion of the interest- 
ing problems posed by Mr. Gorczycki, but the interested reader 
is referred to the references where these and related problems 


are dealt with in detail 


REFERENCES 
1 Gorezycki, Edmund, Dynamic Considerations Relating to the Behavior of 


Inertial Space-Stabilized Flatforms, Journal of the Aeronautical Sciences 
Vol. 24, No. 2, pp. 130-138, February, 1957 


2 Lange, A., Automatic Controls in Weapons Systems, to be published in 


IRE Transactions on Automatic Control 


* A nonredundant gimbal system is designed so that, when all three gim 
bal angles are zero, the three axes are mutually orthogonal A redundant 


when the three angles are zero, two of the 


gimbal system is designed so that 
axes (usually the innermost and the outermost) are parallel 
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The Effect of a Simple Throat Distortion on the 
Flow in a Hypersonic Wind-Tunnel Nozzle* 


Robert E. Oliver and Benjamin E. Cummings 

Guggenheim Aeronautical Laboratory, California Inst 
Technology, Pasadena, Calif 

February 25, 1957 


A‘ EXPERIMENTAL INVESTIGATION was conducted in t 

GALCIT 2!'/. X 3 in. supersonic wind tunnel to deter 
mine the effect of a known distortion of the throat section of 
hypersonic nozzle on the flow in the region downstream from th 
throat. The flow in a nozzle with a rectangular throat sectio 
was compared with the flow in the same nozzle with the thr 

region distorted to produce a throat height which varied linear 
The flow was investigated by means of 


of the 


across the throat section 
pitot pressure surveys in the horizontal plane of symmetry 
undistorted nozzle 

The magnitude of the effect produced by this throat distortior 
was observed to be approximately that predicted by one-dimer 
sional isentropic flow relations. However, the sign of the effect 
was reversed in about the distance required for a curved Ma 
line starting at the throat to cross the channel 

The nozzle used in this investigation is a full-scale section 
the throat region of a proposed hypersonic nozzle to be cor 
structed at the Jet Propulsion Laboratory. This section is 2f 
in. wide and covers the region from 5!/2 in. upstream to 11 
in. downstream from the throat. The nozzle channel is forme 
by two solid steel nozzle blocks and two parallel steel side plates 

Pitot pressures were measured in the horizontal plane of syn 
metry of the undistorted nozzle by means of a traversing nine 
tube rake. The lower nozzle block was removed and distorte 
as indicated in Fig. 1 and was then reinstalled in its original posi 
tion. Pitot pressures were again measured in the horizont 
plane of symmetry of the undistorted nozzle 

Mach Numbers were determined from isentropic flow relations 


The resulting constant Mach Number contours in the horizonta 


* This investigation was a part of a broad hypersonic research program 
sponsored and supported jointly by Office, Chief of Ordnance, and the Office 


of Ordnance Research, U.S. Army, under Contract No. DA-04-495-Ord-19 
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tions pertaining to hypersonic flow, calculations of the vs 
thermodynamic properties of air in chemical equilibrium were 2 116 $f }___| 
recently carried out at 100° temperature intervals in the tempera- & > 
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the polytropic exponents, Figs. 2 and 3, and real gas data! indicate Logan, J. G., Jr., and Treanor, C. E., 1 abl in fynamic I Re 
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density change by factors of 10 
Using relations (1) and (2), the Riemann characteristic for . 
equilibrium isentropic flow, 
ce [ee ao aa Note on the Turbulent Shear Stress Near a Wide 
Wall Di 
@ 2.0 t H. G. Elrod, Jr J. k 
By | Associate Professor, Department of Mechanical Engineering i tanfo 
S | Columbia University, New York March 
Hs 6 = March 7, 1957 
= 
2 a | Te 
z t | HE PURPOSE of this note is to show the manner in which th spe 
oe) ; - x : k 
a turbulent contribution to shear stress vanishes tn the neigh spreac 
x< ; : ) : a 
Ww 1.2 borhood of a wall bounding the two-dimensional, established cussed 
oO flow of an incompressible fluid forma: 
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= 8 system selected so that OY lies in the time-mean stream direc the sp 
> + tion, OY is normal to the wall, and OZ is transverse to the time ! 
=. 9 < « »< 4 « 1OW a 
2 mean stream Let Ul’, O, O be the time-mean velocity com nd in 
4 ponents and uw, 7, w the corresponding instantaneous velocity devi The 
ations therefrom units 
Since the velocity vanishes at y = 0, the streamwise fluctuatiot ttherv 
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2.2 2.4 2.6 2.8 3.0 ae D, naael 
- ys = ss thy + 6 a A. 1) — ico 
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vanishes near 


The f ing demonstration establishes that uz 

ew vith a power of y not less than four. This result is in 

ntt tion to the formulations in references 1 aud 2, although 
its possibility 1s mentioned in a footnote of reference 2. The re- 

t is in agreement with the hypothesis of Deissler’ who was 
ed t ypt the fourth power of y in order to correlate mass 


transfer data taken at high Schmidt Numbers 
with the wall-velocity ‘“‘law”’ leads to 





ration of Eq. (6 





y 

uv/(r/p) = n(yV 7/p/v)* ‘ 
is the fluid density, v the fluid kinematic viscosity, and 
Deissler gives n = 1/8 


the wall shear stress 
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Wide-Angle Diffusers of High Performance and 
Diffuser Flow Mechanisms? 
J. Kline,* C. A. Moore,** and D. L. Cochran*** 
tanford University, Stanford, Calif 
March 21, 1957 


\ PROFESSOR RALPH BURTON'S Readers’ Forum note,f{ certain 
I speculations concerning the relation between the rate of jet 
spreading and the separation characteristics of diffusers are dis 
cussed. The problems of flow mechanisms in diffusers and per- 
formance of wide-angle diffusers have been under continuing in 
vestigation during the last 3 years at Stanford University under 
the sponsorship of the NACA 
now available; a brief summary of some of the more pertinent 


A considerable body of data is 


ind important results follows 

The results given below have been verified in several different 
units and are considered well established, except where noted 
otherwise, for the case of two-dimensional, plane-walled diffusers 


with thin inlet boundary layers, well-rounded entrances, and 


incompressible flow 

1) The following parameters are known to be important in 
determining the flow regime for a fixed mean inlet velocity pro 
total divergence angle, (b) ratio of wall length to throat 
inlet free-stream turbulence 


file a 
width (or area ratio), and (c 

Inlet boundary-layer momentum thickness is also believed to 
be of critical importance, but data are not yet available to sub 
stantiate completely this conclusion; tests on this point are in 
progress 

Tests of units of various sizes and at various velocities indicate 
that Reynolds Number plays only a minor role for all values in 
excess of that which gives a well-established turbulent boundary 
laver at the throat 

rhe tests also show that throat aspect ratio has little or no 
effect on the flow regime over the entire range of aspect ratio used 
in normal practice 
m1 of the parameters listed above, there are 
Holding all inlet con 


2) As a functi 
four regimes of flow found in the diffuser 


rhe miterial summarized in this note and the associated note on the 
mechanisms of stall are covered in detail by contract reports to the NACA 
Che first of these reports should appear shortly as an NACA Technical Note 
As ite Professor of Mechanical Engineering 
Assistant Now at Aerophysics Laboratory 
North American Aviation, Inc., Downey, Calif 


Research Assistant Now at 


*Formerly Research 


* Formerly Propulsion Research Cor 
oration, Santa Monica, Calif 
: Burton Ralph, Discussion of the Influence of Confining Surfaces upon the 
Bou Layer in a Channel, Readers’ Forum, Journal of the Aeronautical 
ences, Vol. 24, No. 2, pp. 149, 150, February, 1957 
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Fic. 1. Schematic diagrams of the regimes 
300 Jet Flow 
180 
150 
100 Hysteresis Zone 
80) 
60 
40 
26° 
Divergence Two-Dimensional 
Steady Stall 
angle 20} o: 
b 
10 
Large 
o | Transitory Stali 
5 
No appreciable 
apporentiy’ tl 
' ently we 
4 8 6 23 haved flow 


be 
L/W=Wall length / throat width 
——High inlet Turbulence 
~----Low inlet Turbulence 
Fic. 2. Zones of diffuser flow in terms of governing parameters 
for fixed mean inlet velocity profil 


ditions constant and holding the ratio of wall length to throat 
width constant, increasing angle from zero to 100 or more degrees 
causes these four regimes to appear in the following order a 
large 


Phes« 


no appreciable stall (small transitory stall), (b transitory 


jet flow regimes 


stall, (c) fully-developed stall, and (d 


are sketched in Fig. | and are shown as a function of the param 


eters listed above in Fig. 2. The following comments are 


pertinent 
Transitory stall is not a two-dimensional flow 


trary, it is clearly a three-dimensional transient flow Further 


more, it exists over a very wide range of conditions as can be seen 
in Fig.2. Some important further details on this new mechanism 
are given in a separate brief note 


The regime of flow called fully developed stall on Fig. 2 corre 


sponds to the classical picture of stall of a two-dimensional bound 
It hasa recirculating flow region occupying most of the 
other, 


ary layer 
diffuser; the through flow follows down one 
The fully 


regime is a relatively steady, stable, flow condition Phe region 


wall or the 


and the performance is very developed stall 


poor 
of large fluctuations recorded by some observers is believed to be 
the region of large transitory stall and has been found to be so in 
case checked to date. The distinction between the two 
In the fully developed stall, one 


every 
regimes is simple: wall has a 
large area of backflow all the time; 


wall area has forward flow part of the time 


in transitory stall, any 
and backward flow 


given 


part of the time 











The jet flow region occurs only at very high angles of diver 
gence. It is characterized by a fully developed stall on both 
walls. It is less stable than the regime called fully developed 
stall, and thus one finds an overlap region on the flow mechanism 
chart of Fig. 2. If angle is increased, transition to jet flow occurs 
at the upper line; if angle is decreased, the transition is found at 
the lower line 

In connection with Burton's comments it is therefore clear that 
his remarks are in some respects pertinent to the zone of fully 
developed stall, but they cannot apply to the regime of transitory 
stall because the flow model is entirely dissimilar from that which 
he envisaged. Since the transitory stall regime is the region of 
stall inception, it is highly doubtful if the ideas suggested by Bur- 
ton will be adequate to predict performance. This same com- 
ment, of course, applies to any wholly two-dimensional model of 
stall since the tests clearly show that stall does not normally be- 
gin in a two-dimensional manner. 

(3) The flow mechanism chart of Fig. 2 can be used not only to 
explain the known data and performance of two-dimensional 
diffusers over the range of interest but also can be used very 
profitably as a basis for the design of wide-angle diffusers of high 
performance: In addition, the chart provides basic information 
about the nature of turbulent boundary-laver flows in adverse 
pressure gradients 

By the use of the chart of Fig. 2, vaned, two-dimensional dif- 
fusers have been designed and tested which give surprisingly 
good performance up to angles of divergence of at least 42°. In 
a typical case, a unit which would have an optimum recovery of 
approximately 0.76 at a total divergence angle of 15° for the un 
modified case can, by use of simple flat vanes, give a recovery of 
0.78 at 30° and a recovery of 0.71 at 42°. It is believed that still 
better results are possible at wide angles through further refine 
ments. Design criteria for two-dimensional vaned units have been 
developed. Systems designed by these criteria appear to give 
good pressure recovery over a wide range of geometries and pro 
duce smooth stable flows with relatively good exit velocity 
profiles. The design of such systems is simple and relatively 
insensitive to minor changes provided that certain rules are 
followed. Tests on these systems are continuing 

Further details of the flow mechanisms and some of their 
implications are summarized in the following brief note 


Some New Conceptions of the Mechanism of 
Stall in Turbulent Boundary Layers* 


Stephen J. Kline 


Associate Professor of Mechanical Engineering, Stanford University, 
Stanford, Calif. 
March 21, 1957 


IT THE ACCOMPANYING brief note by the author, Dr. C. A. 
Moore, and D. L. Cochran, a discussion of the governing pa 
rameters and flow regimes of two-dimensional diffusers with thin 
inlet boundary layers was presented together with an example of 
the performance of a wide-angle diffuser utilizing vanes. The 
data in that note together with the excellent results obtained 
from vaned diffusers and certain other known but inexplicable 
results have recently led the author to conduct further investi 
gations into the nature of stall in diffusers. It is believed that 
the results of these studies shed considerable light on the problem 
of stall in general. <A brief summary of some of the more im 
portant aspects of these studies follow. 

In the work of C. A. Moore and the author, it was shown that 
a region of transitory stall was uniformly found in which the 
stalls were not two-dimensional but were, on the contrary, 
of a transient, three-dimensional nature. In this flow regime, 
transient ‘‘spots of stall’’ appear and disappear first in one loca 


* An NACA contract report covering this work in more detail is under 


preparation 
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tion and then in another. The extent of this regime of flow wy 
found to be strongly influenced by inlet free-stream turbulence 
well as by diffuser divergence angle and area ratio. In the ear} 
work, the regimes of flow were mapped from water-table studi 
using dye injection of a conventional sort. Subsequently, 
evidence accumulated, it began to be clear that transitory sta 
probably existed at much lower angles than those at which j 
already had been observed by Moore and Kline. And, final} 
for a variety of reasons too lengthy to repeat here, the autho 
recently reached the following tentative conclusions: 

(a) Spots of transitory stall may exist down to at least very | 
values of adverse pressure gradient. (b) These spots originat 
very near the wall, probably in the laminar sublayer. (c) T} 
spots grow in size, number, and time of duration as the advers 
pressure gradient is increased in magnitude or in length of applica 
tion. (d) The means by which the spots are carried back down 
stream is by leaving the wall and being caught up by the inert; 
of the mainstream. 

Recent tests in a water table show that all of these idea ar 
true with the exception of the length of application of pressur 
gradient which has not yet been checked. These facts hay 
now been verified repeatedly at low velocities using a dye per 
sistence techniquef that makes the laminar sublayer visible for 
several minutes. Careful observations of the wall layers using 
the dye persistence technique show that small local transient 
backflows do exist near the wall even for surprisingly mild ad 
verse pressure gradients. For example, backflows, or spots of 
stall, have been clearly seen by several observers at a tota 
divergence angle of 5° with a ratio of wall length to throat widtl 
of 6.7 and a thin inlet boundary layer. In some instances spots 
of stall have been observed at even lower angles. The actua 
minimum value of angle at which spots of stall can first be dis 
cerned apparently depends both on the number of observations 
made and on the free-stream turbulence level. Since the 0o¢ 
currence is statistical, exact information on these effects must 
await more detailed studies now in process 

When found at very small adverse pressure gradients the spots 
of stall are very small and appear for only short periods of time 
Typically, on a 4-in. wall, one spot might appear in a matter of 
2 min. at a given cross section and might be 1/16 in. in diameter 
As the adverse pressure gradient is increased, the spots grow 
several spots may appear at once at a given cross section, and 
they may extend through the boundary layer into the main flow 
Finally, by a mechanism that is still under study, the spots 
coalesce and destabilize the entire flow pattern. A fully de 
veloped stall then ensues with flow moving upstream all along one 
wall. The growth of these spots of stall correlates with the in 
crease in losses of the diffuser. 

These facts together with certain other ideas about the mech 
anisms governing the flow in the various regimes can be used 
to explain many well-known but previously inexplicable facts 
Among these are the large pressure pulsations which very fre 
quently originate in diffusing passages, the large losses in diffusers 
which cannot be accounted for by wall friction and turbulence 
the differing observations made by previous observers about the 
nature of stall, and the consistent failure of two-dimensional 
boundary-layer theory to predict stall of the turbulent boundary 
layer. All of the performance data found for the unvaned and 
vaned diffuser systems mentioned above can also be rationalized 
in terms of these mechanisms. In contradistinction, some of the 
known performance of both vaned and unvaned diffusers cannot 
be rationalized in terms of any known steady two-dimensiona 
model of the flow. 

It is now believed very likely that the inception of stall 1 
usually a three-dimensional transient phenomenon which 1 
called transitory stall. The transitory spots of stall are viewed 
as a mechanism that is adopted by the fluid to supply the energ) 
needed by the very slow moving layers near the wall in order 
to negotiate an adverse pressure gradient. This conclusion 1 


Tt This technique was largely developed by J. A. Miller, Research Assist 
ant, Stanford University 
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READERS’ 


supported not only by the observations cited but also by the fact 
that careful analysis of the forces on a layer very near the wall 
in an adverse pressure gradient reveals certain cases in which it is 
impossible to satisfy the conditions of equilibrium by any steady, 
two-dimensional model. Apparently, the solution to this para- 
x is that the flow is not two dimensional but instead develops 


These spots act both to reduce the 


ao 


transitory spots of stall 
adverse pressure gradient on the immediately adjacent unstalled 
wreas and to add energy to the slow-moving layers by augmenting 
the mixing with the free stream 

Since the size and number of these spots grow with increasing 
adverse pressure gradient and since the spots may exist even 
for extremely low values of adverse pressure gradient, it must 
then follow that stall is not a single phenomenon as previously 
believed but is instead a spectrum of conditions. This spectrum 
extends from extremely small stall spots at one end to fully de- 
veloped stall at the other. In the former case, the average frac- 
tion of the wall that is stalled over a period of time is very small; 
in the latter case, it is 100 per cent. Apparently, it is possible 
toobtain any value in between. 


The preceding paragraph suggests that the production of 
stalled fluid in the lavers very near the wall may be the inevitable 
wcompaniment of large adverse pressure gradients at least for 
the turbulent boundary layer. If this is true, the relevant ques 
tion regarding stall is not, as previously believed, is the wall 
stalled? On the contrary, the relevant questions are how fast 
is stall fluid produced by the action of the pressure forces on the 
fluid lavers very near the wall? and how fast is this stalled fluid 
carried away by mixing with the faster moving layers of fluid? 
It would appear that the amount of stall actually present is deter- 
mined by the balance between these two rates. The balance 
ippears to be a relatively delicate one, and a small alteration in 
either of these rates will frequently cause a large change in the 
flow pattern over a period of time. These concepts have already 
been applied to the explanation of a number of known situations, 
and the results to date are most encouraging. Due to space limi 


tations, only the application to vaned diffusers is covered here 


When applied to diffusers containing vanes or splitters, the 
mechanisms just discussed indicate that the action of the vanes 
or splitters is not that suggested by Burton{ but is instead a type 
of stabilizing action. The Burton 
would imply that longer splitter vanes would always give less 
likelihood of flow separation, other things being equal, but this is 


mechanism suggested by 


not the case. The data now in hand show that there is an opti- 


mum length of vane as well as an optimum vane angle 

The actual action of vanes or splitters is believed to be depend- 
ent on their effect under transient conditions rather than on a 
If the flow were truly steady, then a single 
However, if large 


steady-state effect. 
splitter would produce no appreciable effect 
transitory stalls are present, the action of a splitter is such that 
it tends to prevent breakdown of the overall flow pattern from 
transitory to fully developed stall. This can be seen by viewing 
a splitter as a cascade blade that only takes on loading under 
transient flow conditions or by examining the pressure distribu 
tion that would occur around the splitter vane if a fully developed 
stall were present. Either method shows that the splitter vane 
can supply the forces needed under transient conditions to sta- 
The effect of the splitter or 
vane is to direct the main-stream inertia in such a way that the 
which stall fluid is off the cannot be re- 


duced over one large area of a wall with a consequent destabili- 


bilize the transitory stall regime. 


Tate at swept walls 


zation of the overall flow pattern. Observations with tufts and 
dye in both the water table and the air unit verify that transitory 
stalls are indeed present even with vanes which produce the high 
performances cited in the above note. Thus, such vanes do not 
eliminate all stalls, but they do drastically reduce the total aver 
age area that is stalled over a given period of time 

The important conclusions to be drawn from the foregoing 


discussion are believed to be as follows: 


+ See footnote, p. 469 


FORUM 471 


(1) Inception of stall in a turbulent boundary layer cannot be 
described by a two-dimensional model for the cases observed 
(2) It is not sufficient to discuss merely stalled and unstalled 


flows. On the contrary, it is apparently necessary to recognize 


that stall is a spectrum of states. Stall may already be pres 


ent at low values of adverse pressure gradient, and 


the amount of stall produced then grows in a relatively continuous 
fashion with increased adverse pressure gradient until finally a 


very 


fully developed stall corresponding to the classical picture occurs. 

(3) In order to rationalize the behavior of stalls for all regimes 
found, it is necessary to compare the rate at which stalled fluid 
is produced to the steady rate at which it can be removed by the 
inertia forces of the main-stream flow and also to consider the 
stability of the entire flow pattern 

Work on several aspects of the flow mechanism and diffuser 
performance studies mentioned above is continuing. The author 
will welcome discussion or direct communications bearing on the 
points covered or empirical evidence concerning the mechanisms 


described 


Note on the Boundary-Layer Instability on a 
Flat Plate Stopped Suddenly* 


Francis R. Hama 
Assistant Research Professor, Institute for Fluid Dynamics and 
Applied Mathematics, University of Maryland, College Park, Md 


March 15, 1957 


N A RECENT PAPER! on transition from laminar to turbulent 

flow, the nature of a two-dimensional discrete vortex line 
imbedded in a shear flow was discussed briefly. The following 
theorem was brought forward: “In a shear flow, a two-dimen- 
sional vortex line with a positive vorticity, defined as that having 
the same direction as the background vorticity, is unstable under 
three-dimensional disturbances, that with a negative 


vorticity is stable.’? The physical basis for this theorem is the 


whereas 


interaction of the induction effect and mean-velocity gradient 
When an originally straight vortex line is three-dimensionally 
disturbed, it will take on a wavy configuration along its axis 
The plane of the wavy vortex line rotates, owing to self-induction 
effect, in a direction opposite to that of the vorticity. Mean 
velocity distribution then interacts to intensify the waviness of a 
positive vortex line or to damp out the waviness of a negative 
vortex line. 

Because of the first part of the theorem and of the experimental 
evidence that the formation of a three-dimensional vortex loop 
always precedes the creation of a turbulent spot, a positive vortex 
line can be regarded as a dangerous one which might lead the 
flow to transition. This appears to be the case for the amplified 
Tollmien-Schlichting wave in ordinary boundary layers. If the 
second part of the theorem is correct, a negative vortex line must 
have little to do with transition. Examination of the validity 
of the second part of the theorem, which has remained a conjec 
ture without experimental evidence in reference 1, is the pur 
pose of this note with special attention to the current interest in 
the stability problem on a decelerated flat plate 

Let us first consider the case when a smooth flat plate moving 
at a constant speed through a still fluid suddenly comes to a stop 
In this case, the velocity distribution near the plate is dependent 
on time after the stoppage and has a separation-type profile as 
drawn in Fig. 1. This sort of velocity profile is theoretically un- 
stable.2 Fales* has experimentally demonstrated that the flow 
is indeed unstable and that a series of two-dimensional discrete 
vortices is soon produced. If the plate is kept still, the two-di- 
mensional vortices are deformed into three-dimensional vortex 
loops which gradually entangle each other to form an irregular 


* This research was supported by the U.S. Air Force through the Office 
of Scientific Research, ARDC, under Contract AF 18(600)-1014 
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Velocity profiles before and after a sudden stoppage of 


a flat plate 


pattern 
theorem because the vortices are counterclockwise and have a 


positive sign with respect to the shear flow in the immediate 


vicinity of the plate surface. However, since the mean velocity 
gradually dies down, it cannot provide sufficient energy to main- 
tain the irregular motion. 

The case when the plate encounters a sudden stoppage followed 
by a sudden start shall be considered next. Such a case could be 
of more practical interest in connection with transition on an os 
cillating plate in a uniform flow or on a plate when the wind 
velocity fluctuates. After the stoppage counterclockwise dis 
crete vortices are formed again. These vortices, however, be- 
come negative with respect to the velocity gradient near the 
plate after the succeeding start. Therefore, if the second part 
of the theorem is correct, the vortices should be stabilized and 
will not develop into a three-dimensional configuration 

Such an experiment is actually performed with a smooth flat 
plate (without a trip) horizontally submerged in a towing tank. 
A dye is injected into the flow field two-dimensionally through a 
narrow slit cut across the plate. When the plate is moving at a 
constant speed, a very thin film of the dye flows slowly over the 
plate surface toward the trailing edge. After the sudden stoppage 
the flow of dye changes the direction relative to the plate toward 
the leading edge (see Fig. 1). The film of dye gradually becomes 
concentrated to form a two-dimensional wave due to the in- 
stability. It is instructive to observe that the film eventually 
rolls up to create two-dimensional discrete vortices whose vorticity 


is counterclockwise and positive. This is additional evidence 


This is possible in accordance with the first part of the 


that, when a small-perturbation wave is amplified, it re ults in 
series of concentrated positive discrete vortices. It is also nog 
that, especially when the initial plate speed is relatively hig 
the formation of the discrete vortices is very fast so that they ag 
pear to be created from nowhere 

As the discrete vortices are produced, they then begin to defogy 
themselves into three-dimensional wavy configurations alogg 
their axes. If the plate starts again at this stage, the waviness¢ 
observed to develop no further and even often to recede In 
other words, even though the original two-dimensional perturbgs 
tion wave is sufficiently amplified, it does not originate turby 
lence. Needless to mention, if the plate starts before the forma 
tion of distinct discrete vortices, the boundary layer ts stabilized 
again, and the discrete vortices do not appear 

From this experimental demonstration, it is evident that the 
second part of the theorem is also correct Consequently, wheg 
a flat plate experiences deceleration and acceleration, the bound 
ary layer is unstable in the deceleration stage, but the instability 
is harmless and will not result in transition. This may com 
In linear 
cases, the sign of vortices, or otherwise, is immaterial. On the 


stitute an interesting example of nonlinear mechanics 


contrary, the sign could become significant once the mechanieg 
become nonlinear as in the present theorem 

Further remarks should be made on the stabilizing effect of the 
succeeding acceleration. If the plate is kept still for a long time 
after the sudden stoppage, the three-dimensional waviness ig 
sufficiently intensified so that the stabilizing effect of the shear 
flow on a negative vortex will become no longer applicable, 
Furthermore, the succeeding acceleration even promotes a 
sudden appearance of a turbulent spot by stretching the three 
dimensional vortex loop, even though the vorticity of the vortex 
loop is negative 

Finally, it may also be remarked that the present case, in 
which a plate itself is decelerated and accelerated, should be 
distinguished from the case when the velocity of oncoming flow 
to the plate fluctuates so as to create pressure gradients in the 
stream direction. In the latter, the boundary layer may indeed 
separate and produce dangerous positive discrete vortices, 


whereas the flow does not separate on an oscillating plate 
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IAS Twenty-Sixth Annual Meeting 


Hotel Sheraton- Astor, New York City, January 27-350, 1958 


The Meetings Committee plans to schedule sessions on Aerodynamics, Aeroelasticity, Design, Electronics, Flight 
Propulsion, Instruments, Rotating Wing Aircraft, Safety in Flight, Structures, Air Transportation, ete 

Members or organizations wishing to have papers considered for presentation at this meeting should submit out- 
lines or short abstracts to the Meetings Committee, 2 East 64th St., New York 21, N.Y., no later than August I, 














NACA Wind Tunnel Panel Hypersonics Meeting 


The Wind Tunnel and Model Testing Panel of the Advisory Group for Aeronautical Research and Development 
is sponsoring a meeting on hypersonic aerodynamics and testing facilities, which will be held at Scheveningen, 
Holland, July 8-11, 1957. The general subjects to be covered by the meeting will be theoretical work on hyper- 
sonic fluid mechanics, devices for hypersonic research such as wind tunnels, gun-launched and rocket models. One 
day will be devoted to a discussion on shock tubes and their uses. 
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